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1 Abstract

2 Most organisms become increasingly likely to die as they grow older, a phenomenon known as
s demographic senescence. Despite this statement saying nothing about the particular shape of
+ amortality curve, the Gompertz—Makeham law remains remarkably accurate in a broad range
s of species. We develop a general mathematical framework in which individuals are modelled
¢ as comprising a fixed number of interacting intra-organismal sub-systems, each characterised
7 by stochastic failure and repair rates, such that the number of failed sub-systems follows a
s birth—-death process. In many organisms, ‘failure begets failure” because sub-systems are typically
o interdependent. We use diffusion approximations to demonstrate that this interdependence
10 generically produces Gompertz-Makeham mortality curves. Since individuals who die can no
u longer age, observed cohorts become increasingly composed of ‘lucky” individuals that avoided
12 death by (stochastically) taking paths in failure space associated with lower mortality despite no
13 intrinsic differences in their quality. Selective disappearance of ‘unlucky’ individuals generates
14 deviations from Gompertz-Makeham predictions at advanced ages, producing a late-life mortality
15 plateau. We show that while these deviations must always exist, they may often be too small to
16 detect, either because the failure accumulation process is stereotyped or because detection requires
17 unreasonably large cohort sizes. Our work establishes Gompertz-Makeham curves arising from
18 stochastic failure accumulation as a null expectation in organisms with many interdependent
19 sub-systems.
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21 Introduction

22 Senescence, or ageing, is defined as a persistent increase in mortality or decrease in fecundity
23 from the time since the birth of an organism (Shefferson et al., 2017). Explaining the prevalence of
24 senescence across the tree of life is a classic problem in evolutionary biology (Medawar, 1952),
s and a variety of theories have been put forth to attack the problem (Williams, 1957; Hamilton,
26 1966; Kirkwood, 1977). Classic evolutionary theories of senescence crucially rely on either age-
27 specific mutations to fecundity and survival (Williams, 1957; Hamilton, 1966) or strong trade-offs
22 between the maintenance of somatic function and germline integrity (Kirkwood, 1977). However,
20 these theories often do not concern themselves with the mechanistic, physiological basis for
50 observed senescence patterns in any particular organism, and, furthermore, typically do not make
a1 predictions about lifespans or the shapes of realised mortality curves (Lehtonen, 2020).

32 An alternative, more mechanistic approach to understanding senescence is via the accu-
;3 mulation of damage, or ‘failures’, of various physiological processes required for organismal
s function (Gavrilov and Gavrilova, 1991; Bega and Hadany, 2026). In this view, an organism
55 is a complex system consisting of many interdependent biological processes, each with some
36 intrinsic risk of failure due to the vagaries of life. Senescence is then thought to arise via a
;7 catastrophic propagation of failures between interdependent sub-systems (Gavrilov and Gavrilova,
;s 1991; Boonekamp et al., 2015). While classic studies arrange intra-organismal subsystems either
3 ‘in series’, ‘in parallel’, or as a combination of parallel blocks connected in series (Gavrilov and
w0 Gavrilova, 2001; Laird and Sherratt, 2009, 2010; Boonekamp et al., 2015), more complicated
s dependency structures in terms of networks are also possible (Rosen, 1958; Vural et al., 2014; Sun
2 et al., 2020; Nielsen et al., 2024). However, while these models typically dedicate considerable
a3 effort towards deriving and studying the dynamics of intra-individual failure accumulation, less
w attention has been paid to studying the consequences of inter-individual stochasticity when
s accumulating failures impact mortality.

46 Here, we need to distinguish between inter-individual stochasticity in the trajectories of failure
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s accumulation and heterogeneity in a fixed quality, typically called ‘frailty’, that sets each individual
s on its unique trajectory towards increased mortality. Frailty models focus specifically on the role
s of inter-individual heterogeneity in affecting observed mortality curves (Balan and Putter, 2020),
so but they typically do so by assigning individuals to classes, each of whose ageing clock ticks at
s1  different speeds. Observed population-level mortality curves in this setting are fundamentally due
sz to selective disappearance, where the more frail individuals are more likely to die early and thus not
53 contribute to the late-life part of the mortality curve (Vaupel and Missov, 2014; Balan and Putter,
so 2020). Importantly, while frailty models include stochasticity in the sense of assigning individuals
s into different classes according to some distribution (Vaupel et al., 1979; Vaupel and Missov,
so  2014), they typically do not deal with the subsequent stochastic accumulation of damage/failures
s7  through the course of the life of an organism; a lucky individual at birth cannot deteriorate faster
ss  than expected if it is unlucky later (or vice versa).

59 There is a notable exception to the assumption of fixed frailty through life: the ‘state space
s random walk” model introduced by Woodbury and Manton (1977) and refined by Yashin et al.
61 (1985). In the Woodbury-Manton model, individuals are characterised by their position in an
2 abstract physiological ‘state space’, and this position determines their mortality rate. Individuals
s are modelled as executing a (possibly biased) random walk in the state space through the course
o4 of their lives, with individuals additionally being stochastically removed from the population
s based on their mortality (Woodbury and Manton, 1977, 1983; Yashin et al., 1985). Cast in frailty
s language, this amounts to a stochastic walk through frailty space. Despite being nearly as old as
s7 some classic theories in the senescence literature (Kirkwood, 1977), the Woodbury-Manton model
¢ remains relatively undercited and underused. Its usage appears largely restricted to statistical
o inference and estimation in human cohorts (Manton and Woodbury, 1983; Woodbury and Manton,
70 1983; Manton and Woodbury, 1985; Yashin et al., 1985; Mulder, 1993), and the broader implications
71 remain unexplored.

72 The Woodbury-Manton model also makes some rather restrictive assumptions: that the future

7z physiological state of an individual depends linearly on the current state, and that the mortality
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= risk is a quadratic function of the physiological state (equations 4 and 5 in Woodbury and Manton,
7 1977; also see section IV(E) in Yashin et al., 1985). These functional forms are not systematically
76 derived from underlying intraorganismal biological processes, but used for convenience, as such
77 functions are amenable to statistical estimation (Woodbury and Manton, 1983; Yashin et al., 1985;
7z Mulder, 1993; Manton and Yashin, 1997). Though Yashin et al. (1985) also derive some general
70 equations for their extension of the Woodbury-Manton model without assuming these specific
so functional forms, the terms that appear in Yashin et al.’s (1985) equations are totally abstract,
s1  being written down in full generality with little underlying biological motivation. As a result, the
&2 terms in their equations cannot be unambiguously assigned biological meaning.

8 We take the above state of affairs as a starting point, as it appears desirable to establish
s stochastic, mechanistically grounded damage/failure accumulation processes as a foundation for
ss ageing (Meyer et al., 2025). Here, the reliability theory perspective (Gavrilov and Gavrilova, 2001)
s suggests that different forms of failure accumulation, and different connections between failures
&7 and mortality dynamics, may be appropriate for different organisms (Gavrilov and Gavrilova,
ss  2001) based on the organisation of intra-organismal subsystems (Bernard et al., 2020). We present
so a flexible modelling framework in which both stochastic failure accumulation dynamics at the
o0 organismal level and observed mortality patterns at the population level are systematically derived
o1 from intra-organismal first principles.

% We integrate the failure accumulation perspective with stochastic selective disappearance
s that occurs due to population heterogeneity in individual risk of death. Specifically, we first
o derive results for a simple model where individuals are assigned mortalities that are a function
os of accumulating failures, but we explicitly exclude selective disappearance as the mortalities
s do not translate into actual deaths. Much like the titular figure in the ancient Greek myth of
o7 Tithonus (Graves, 2017, chapter 40), individuals in our first model can become arbitrarily damaged
¢ by accumulating failures, which permits an ever increasing mortality risk, but they are not allowed
o to actually die (note that Williams (1999) also used the Tithonus myth in a similar allegorical sense

wo to criticise focusing on the age of death as opposed to studying the preceding period where an
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101 organism is alive but physiologically declining). Our ‘“Tithonus model” has a benefit (immortality
102 permits us to measure any individual’s accumulated failures at any age), but comes with the
103 obvious cost of having to accept a contradiction of deriving mortality predictions for a cohort
w4 without death actually removing any individual. However, this model is not without value, as the
105 treatment of mortality rate as an abstract summary of the individual’s state allows separating the
s effects of mortality risk arising from failure accumulation from those of selective disappearance,
107 which are the focus of our second, contradiction-free model.

108 For our main model (called ‘main model with selective disappearance’), we remove the
100 contradictory assumption of the Tithonus model by incorporating mortality as an individual-level
1o stochastic rate, thus connecting failures to a true mortality hazard that removes dead individuals.
w1 This approach follows the spirit of Woodbury and Manton (1977) and Yashin et al. (1985), in
112 which both failure accumulation and mortality occur simultaneously at the individual-level, and
us population-level dynamics are derived from stochastic first principles accounting for selective
14 disappearance. However, we improve on their past work by grounding their ‘state space” process
us  in a mechanistic framework (namely reliability theoretic failure accumulation) and avoiding their
ue arguably most restrictive assumptions about the functional forms of physiological state change
17 and mortality hazards.

118 Throughout, we are interested in whether failure accumulation can generate mortalities that
19 increase exponentially with age, i.e. following the Gompertz (1825) pattern, possibly with an
120 additional Makeham (1860) component modelling constant extrinsic mortality. Using the Tithonus
121 model, we find the exponential increase to hold if we assume that “failure begets failure” — i.e.
12 the rate at which sub-systems fail increases with the proportion of those that have already failed
123 — and more failures translate into increased mortality in a biologically realistic manner where
124 individuals cannot remain alive when all their sub-systems have failed. This result, however, relies
125 on the contradictory assumption set of the Tithonus model. Intuition suggests that the effect of
16 the contradiction is an overestimation of mortality, especially at older ages, since very damaged

17 individuals are assumed to be available to die when in reality they have been weeded out by


https://doi.org/10.64898/2026.05.25.727614
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.64898/2026.05.25.727614; this version posted May 26, 2026. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under a CC-BY 4.0 International license.

128 selective disappearance at an earlier age (Weitz and Fraser, 2001; Vaupel and Missov, 2014).

129 We confirm the overestimation by deriving mortality under selective disappearance from first
130 principles (our main model), which leads us to our second question: why does Gompertz describe
131 s0 many populations so well when a perfect match appears to require a model that contains an
12 inherent contradiction? Given that selective disappearance always affects average measurements
133 in our contradiction-free framework, we study when its effects should remain small, rendering
134  them difficult to detect in data. Whenever this is the case, the Tithonus model remains a relevant
135 approximation and we can still typically expect observed survivorship curves resemble those
s predicted by Gompertz-Makeham mortalities. In short, if the failure accumulation or mortality
137 processes are themselves stereotyped between individuals, then ‘luck” plays a smaller role and
138 there is less ‘opportunity” for selective disappearance simply because the cohort remains relatively
139 homogeneous at all ages. If there is large stochastic heterogeneity in the failure accumulation
1o or mortality processes, then selective disappearance could cause deviations from Gompertz-
11 Makeham mortality patterns. However, these deviations would nevertheless be difficult to detect
12 in data if the overall expected survivorship is low (i.e. the ‘lucky” individuals need to be incredibly
13 lucky). Our results establish that Gompertz-Makeham mortality curves should be expected as
14 a baseline in species in which individuals comprise many interdependent sub-systems, failure
us begets failure, and death is guaranteed once all sub-systems have failed (but may also occur

us earlier).
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Figure 1: An outline of the general approach of this paper. (A) We model a large population
of independent, non-interacting organisms. Senescence at the individual level occurs as intra-
organismal sub-systems fail and impact each other’s failure rate. Our goal is to understand how
failure accumulation and mortality together predict mortality curves, which in this framework are
an emergent pattern. (B) The Tithonus model focuses on the failure dynamics alone, allowing
to investigate relationships between age, failures and mortality. An individual in which f = £
sub-systems have failed has a failure rate Nr(f) and a repair rate Nr_(f). We calculate mortality
according to some mapping between failures and mortality, but no individuals actually die. Here,
a direct ‘pathwise’ description of that follows focal individuals through the course of their life
is possible. (C) In the main model, mortality is incorporated along with failure and repair as
a stochastic transition rate at the individual level; the original state space is augmented with
an additional, unobserved ‘cemetery’ state for dead organisms. An individual in which f = £
sub-systems have failed has a failure rate Nr (f), a repair rate Nr_(f), and a mortality rate u(f).
For the main model, the pathwise description is in terms of paths of the Tithonus model.
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w  The Tithonus model: Modelling failure accumulation and mortality

" separately

1o According to ancient Greek mythology, Tithonus was a mortal lover of Eos, Goddess of the Dawn.
10 After much pleading from Eos, Zeus granted Tithonus immortality so he could be with Eos forever.
151 However, Eos asked that Tithonus be immortal, neglecting to also request he remain eternally
12 youthful or healthy. As the years passed, Tithonus thus withered away, becoming progressively
153 more weak, frail, wrinkled, and shrunken; yet, no matter how feeble and decrepit he became,
154 Tithonus could not die (Graves, 2017, chapter 40). In this section, we assume all our organisms
155 are like Tithonus and intentionally do not worry about the contradictions involved in deriving
15s  mortality rates while also assuming immortality. The intention is to separate failure accumulation
157 and resultant mortality risk cleanly and examine them separately to understand when to expect
155 Gompertz-Makeham curves.

150 We consider a population of independent, identical, non-interacting organisms in which each
10 individual has N intra-organismal sub-systems in total, is born with Fy > 0 failed sub-systems, and
11 in which sub-systems stochastically fail due to wear-and-tear or stochastic damage accumulation
12 throughout its lifetime. If an individual has F failed sub-systems, we assume that an additional
163 sub-system fails at rate R, (F), whereas a failed sub-system is repaired at rate R_(F). The number
164 of failures as a function of age is thus described as a continuous time birth-death process with

165 transition rates

166 F — F+1 at rate R4 (F),

167 F — F—1 at rate R_(F)

s For simplicity, we will assume throughout that it is difficult to keep organisms pristine (failure-
160 free), or, alternatively, that repair processes are imperfect (Gorbunova et al., 2007), by asserting that

10 R4 (F) —R_(F) > 0 for every F. In other words, we assume that the number of failed sub-systems
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11 is always more likely to increase than decrease. We sketch some consequences of relaxing this
172 assumption in our Discussion.

173 We further assume that that the failure rates depend on the proportion of failed sub-systems, and
174 that the total number N only rescales this dependence (technically, this is achieved by assuming
s Ry (F) = Nry(F/N), where r1 are O(1) functions). We will thus track the proportion of failed
w76 sub-systems f := F/N rather than the total number of failed sub-systems F. For conciseness, in
17 discussing failure dynamics we use the term ‘failures’ for f, the proportion of failed sub-systems

s out of N. In terms of f, the transitions are

1
179 f—>f—|—ﬁatrate Nri(f),

180 f%f—%atrate Nr_(f)

11 Since r(f) == ri.(f) —r—(f) > 0 is the expected rate of failure accumulation in an individual
12 with f failures, we call f — r(f) the failure accumulation rule of the model. The quantity T(f) =
183 74 (f) 4+ r—(f) quantifies the total rate at which an individual with f failures experiences a change
184 in failures. Following work in other areas of population biology, we will call T the turnover

155 rate (Bhat, 2025; Bhat and Guttal, 2025; Komarova and Wodarz, 2025; Kuosmanen et al., 2025).

186 Failure dynamics in the Tithonus model

17 We are interested in tracking P(f,t|fo,0), the probability that an individual that starts life (at
s age 0) with fy failures has f failures at age t. For brevity, we will henceforth suppress the initial
189 condition and write P(f,t). Note that all individuals will reach every age t (immortality). We
10 use a system size expansion (‘diffusion approximation” in population biology literature) to show
191 (Supplementary section S1) that if N is not too small, P(f,t) is very well approximated by the
192 equation

2
PUD) _aaf (r(F)P(f 1)} + 2;\1881’2 {(f)P(f, 1)} M
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14 Eq. 11is a partial differential equation called a Kolmogorov forward equation or a Fokker-Planck
105 equation, and describes how a probability distribution P(f,t) changes over state (f) and time
16 (t). An alternative, equivalent description (Gardiner, 2009, section 4.3.5) of the failure dynamics

17 described by Eq. 1 is as the solution to a stochastic differential equation (SDE)

198 dft = T’(ft)dt —+ \/1N T(ft)th, (2)

19 where W; is a standard Brownian motion, or Wiener process. We provide a brief introduction to
200 stochastic differential equations in Box 1.

201 Eq. 2 implies that during the infinitesimally short timespan in which an individual goes from
202 age t to age t + dt, the accumulation of failures df; := §;. 4 — f; is a Normally distributed random

203 variable with expectation value and variance given by

204 IE[dft] = T(ft)dt (3&)
205 V([df] = Tg\f;)dt. (3b)

206 Thus, the expected change in the number of failures is controlled by the failure accumulation rule
207 1 and the variance in the number of failures is controlled by the turnover rate 7. Furthermore, the
208 variance decreases as N, the total number of sub-systems, increases.

209 Upon taking N — oo in Eq. 2, the stochastic aspects of the system disappear and Eq. 2 becomes
210 the ordinary differential equation

af _
211 E - T’(f) (4)

22 We have switched notation from f; to f(t) to remind the reader that the former is a stochastic

213 process, whereas the latter is a deterministic function.

10
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Box 1: Stochastic differential equations for the uninitiated

4 )

A stochastic differential equation (SDE) for a continuous time stochastic process X; takes the form

dX; = F(t, X;)dt + G(t, X;)dW;, @)

for two functions F and G. The quantity W; is a stochastic process called a standard Brownian
motion or Wiener process. The Wiener process can be thought of as a continuous time, continuous
state Markov process such that whenever we advance time by a very small (infinitesimal) amount,
t — t 4+ dt, the increment dW; := W, 3 — W; of the Wiener process is Normally distributed with
mean 0 and variance dt. Similarly writing dX; := X;, 5 — X, we can informally view dX; as a
random variable representing the change in X over an infinitesimal time dt. The SDE Eq. i thus
states that the change in the value of the stochastic process X over an infinitesimal time interval dt

follows a Normal distribution with mean value E[dX;] and variance V[dX;] given by

E[dX,] = F(t, X;)dt,

V[dX;] = G2(t, X;)dt.

The functions F and G? are called the infinitesimal mean and infinitesimal variance of X; respec-
tively (Dksendal, 1998), since they thus describe the mean and varianace of the change in X; over an

infinitesimal time interval dt. Solutions to SDEs such as Eq. i are called Itd diffusions after Kiyosi Ito,

one of the first to mathematically formalise and study such processes (Itd, 1951; Dksendal, 1998).

AN J

25 What should a good failure accumulation rule look like?

26 What kind of properties would we want our r(f) to have to reflect biologically reasonable
217 behaviours? For one, since only sub-systems which have not yet failed are capable of failure, no
218 more failures should be possible when all sub-systems have failed (i.e. we should have r(1) = 0).
210 By our earlier assumption that repair is imperfect and failures tend to increase on average, the
20 failure rate must always be positive when there are at least some functioning sub-systems (i.e.

2 r(f) >0V f €]0,1), and, in particular, 7(0) > 0). Furthermore, since the failure rate depends

11
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22 only on the proportion (but not on the identity) of failed sub-systems, we should be able to
223 define a per-capita failure rate for each functioning sub-system. Since the fraction of functioning

24 sub-systems is 1 — f, a sensible general choice for the r(f) is of the form

225 r(f) =1 =felf), ®)

26 where p(f) > 0 is a function returning the per-capita failure rate of each functioning sub-system
227 when a proportion f of the systems have failed. During the initial part of the failure accumulation

28 process (i.e. when f — f is small), we can Taylor expand p about fj in Eq. 5 to write

P =t ORI+ ©

20 where we have used the shorthand pg = p(fo) for the per-capita failure rate at birth (when fy
an systems have failed). Discarding higher order terms, we can define k, := %‘ ffo and ¢, =

22 po — ko fo and substitute Eq. 6 into Eq. 4 to arrive at

U rf)m (1= F) (9o +hf). 7)
24 Henceforth, we assume the equality in Eq. 7 holds exactly. However, we retain the p in the
235 sub-scripts to remind the reader that ¢, and k, are both quantities defined for a given per-capita
26 failure rate function p(f).

237 Since we required r(0) > 0, Eq. 7 implies ¢, > 0. We now wish to mathematically capture the
238 notion that organisms are integrated entities and different sub-systems thus typically dependent
230 on each other for functioning. If sub-systems are indeed inter-dependent, the probability that an
20 additional sub-system of the organism fails should increase as the number of failures increases.
21 Such an increase could reflect organismal function as a whole declining as the number of
22 failures increases, causing increased failure rate via ‘vicious cycles’ of dysfunction (Belikov,

23 2019). Alternatively, some sub-systems may directly depend on the well-being of others for their

12
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24 functioning (Tian et al., 2023). Whatever the underlying cause may be, such “failure begets failure’
s dynamics are mathematically captured by demanding that the per-capita failure rate p in Eq. 5 is

26 an increasing function of the proportion of failures f, and thus

dp
247 ﬁ > 0. (8)

2 Since Eq. 8 is postulated as true at every point of the function p(f), it must also be true at birth,
20 when f = fo. We thus conclude that k, := g—? ] ffo in Eq. 7 is also strictly positive.

250 Once it is established that ¢, and k, are both non-negative, the functional form Eq. 7 admits a
251 biologically appealing interpretation: The parameter ¢, acts as a constant baseline failure rate of
252 each sub-system, and k, modulates the additional (linear) increase in per-capita failure rate due to
253 functional interdependencies between sub-systems (‘failure begets failure’). Thus, ¢, is a measure
24 Of the resilience of each individual sub-system and could be affected by external parameters
255 such as hazardous environments, whereas k, is a measure of the integratedness of the organism
26 as a whole: In a completely modular organism in which every sub-system is independent of
27 every other, we would have k, ~ 0, whereas in a completely integrated organism in which every
26 sub-system affected the functioning of every other sub-system, k, would be high.

259 Eq. 7 resembles the logistic equation (if ¢, = 0, it is exactly the logistic equation) and can be
260 solved exactly using the method of partial fractions. Supplied with the initial condition f(0) = fo,

261 the solution to Eq. 7 is given by

aePt

262 f(t) = m

—A(t), ©)
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263 where we have defined the aggregate terms

264 a =Py + kpfo > 0,
265 ,32: (,bp—{—kp>lx,

_ $(1—fo)
266 A(t) = —ﬁ e (eﬁt — 1) .

27 Eq. 9 describes a sigmoidal curve. In demographic literature, a mortality curve that resembles the
28 RHS of Eq. 9 is said to be described by the ‘Perks curve’ (Perks, 1932; Gavrilov and Gavrilova, 2001,
20 Section 2.4), but note that f describes failures, not mortality, and assuming a linear relationship
o0 between them may lead to unrealistic behaviour (see below). When k, > ¢,, the trajectory

an described by Eq. 9 initially rises exponentially until the critical time t* when a fraction

1
fr=f) = [ - ‘,fﬂ (10)
23 of the subsystems in the organism have failed. After this point, f(t) begins to decelerate, eventually
2 (t — co) plateauing at f(c0) = 1. The intuitive reason for this finding is that when most sub-
215 systems have already failed, fewer are left to fail; put even more simply, failures, when expressed
276 as a proportion, cannot exceed 1. The critical fraction f* is larger if the baseline failure rate ¢, is
o7 small and the accumulation rate k, is high — in other words, the plateau point is higher when
278 most failures are due to accumulation/interdependency structure rather than stochastic intrinsic
279 failures of sub-systems. If instead k, < ¢, the failure accumulation curve is only the decelerating
280 part of the sigmoidal curve. Since we are interested in organisms with many interdependencies
261 where failure accumulation is mostly due to the fact that systems depend on each other for

22 functioning, we henceforth restrict ourselves to the case ky, > ¢,.
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283 Mortality dynamics in the Tithonus model

2+ To connect failures to mortality (while recalling that the Tithonus model ignores the effect that
265 mortality causes selective disappearance), we assume that an organism with f failures has a
286 mortality rate y(f). We will call the map f — p(f) the ‘mortality rule” of the model. Using the
27 chain rule from calculus, we see that if failures follow Eq. 4, then mortality u(f()) follows the

28 ODE
d
=) a1

20 where 1/ (f) == d};(xx) ‘x: f is the first derivative of the mortality map y, evaluated at the point f.

200 What should a good mortality rule look like?

22 What would we expect a mapping f — pu(f) to look like? For one, we must have y(f) > 0, since
203t is describing a rate. Further, we want individuals with more failures to have a greater mortality

204« than those with fewer failures ceteris paribus, and the mortality rule must hence satisfy, for every f,

205 “l/l/(f) > 0.

26 We may also want mortality to have an age and failure-independent component due to extrinsic
207 causes such as predation and chance events.

208 We will first discuss the consequences of assuming a linear relationship between failures f
200 and mortality. As we shall see, this is not a particularly realistic choice, but it serves to make the
;0 point that even without selective disappearance (which does not occur in the Tithonus model),
so0  actuarial senescence may deviate from a Gompertz-Makeham shape, such that old ages instead
32 move towards a mortality plateau. The simple linear function (Gavrilov and Gavrilova, 1991,

303 section 6.4; Nielsen et al., 2024, Eq. 5) takes the form

304 }l(f, t) = Ue + Xf, (12)
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ss where y, > 0 and x > 0 are constants. In addition to linearity, Eq. 12 includes a constant
w6 age-independent component of mortality .. In this case, the dynamics of mortality are simply
s07 a shifted version of the dynamics of failures: specifically, if failures follow Eq. 9, the predicted
s mortality hazard is also logistic. In this case, the model predicts that mortality hazard first rises
300 exponentially (fitting a Gompertzian shape), but shows an increasing deviation from exponential
s10  increase as individuals move towards a state where all subsystems have failed. Thus, even without
s selective disappearance (which is ignored here), actuarial senescence will ultimately deviate from
sz a Gompertzian shape, and mortality instead plateaus at y, + x because f can be at most 1.

313 However, biologically, an organism should not remain alive when all of its sub-systems have
s failed. Another desirable property of a mortality rule is thus to assert that fhj{l, i(f) = oo so that
s1is  the mortality hazard is infinitely high, corresponding to instantaneous death, at the point f =1
s16  (in other words, total failure implies death). The linear mortality rule Eq. 12 does not satisfy this
si7  property. The simplest mortality rule that satisfies all the previously mentioned properties and
s1is  additionally has an infinitely high mortality hazard at f = 1 is the function

t

(o) = e+ 12 13
s20 Once again, the first term on the RHS of Eq. 13 captures extrinsic mortality, while the second
;21 captures mortality due to failed sub-systems. We henceforth call Eq. 13 a ‘geometric mortality

;2 rule’, since it can be rewritten as an infinite geometric series

23 p((f (1) = pe +le(fc)(t) = e+ X (f(t) )+ )+ A+ )+ ) .

24 Substituting Eq. 9 into Eq. 13 yields, after some algebra,

XPp $o +kofo (¢o+ko)t
325 (t) = [ e — ]—i—x elPotko (14)
B L (ko —9p) (1= fo)
—_———
‘Makeham’ part ‘Gompertz’ part
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»s Remarkably, logistic failure accumulation (Eq. 7 or Eq. 9) together with the geometric mortality
s27 rule (Eq. 13) leads to (exact) Gompertz-Makeham mortality curves! Since we argued that general
»2s  models of failure accumulation should look like Eq. 5, and further showed that such an equation
»20  will always look like Eq. 7 whenever the Taylor expansion is fairly accurate, we expect mortality
330 curves to generically look like a Gompertz-Makeham curve during the initial part of the failure

s accumulation process or if p(f) does not have significant higher-order non-linearities.

A. B.

A A
4
/ 7/
I Logistic failure, geometric mortality @

9 Logistic failure, linear mortality '.(-u' /
E / == Gompertz-Makeham = 4

2 s
2 / : , i
- d
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[} == N = infinity
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= 8 /

> >
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Figure 2: The predictions from the Tithonus model. In all plots, we use r (f) = (1 — f)(2¢, + ko f)
and r_(f) = (1 — f)¢,, so that the failure accumulation rule is (f) = (1 — f)(¢p + ko f), i.e. the
logistic rule Eq. 7. Panels (A) and (B) illustrate the N — oo predictions in comparison to a
Gompertz-Makeham curve. If the mortality rule is linear (Eq. 12), the predicted mortality curve
deviates from Gompertz-Makeham later in life, leading to a plateau. If we instead use the
geometric mortality rule Eq. 13, the predicted mortality curve is exactly Gompertz-Makeham.
Panels (C) and (D) illustrate the expected behaviour of the Tithonus model with the geometric
mortality rule for finite N, from Eq. 16. The mortality curve for finite N is uniformly higher than
the N — oo curve. Axis ticks are deliberately left blank to underscore that quantitative values of
ages and mortality hazards are arbitrary, because we are focused on the shape rather than the
scale of the predicted mortality curve. Parameter values: (A,B) ¢, = 10*3,kp =0.1,u, =001 x =
1, fo = 0.001; (C,D) ¢, = 1073k, = 0.1, . = 0.01, x = 0.2, fo = 0.01.

17


https://doi.org/10.64898/2026.05.25.727614
http://creativecommons.org/licenses/by/4.0/

bioRxiv preprint doi: https://doi.org/10.64898/2026.05.25.727614; this version posted May 26, 2026. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under a CC-BY 4.0 International license.

32 Connecting failures to mortality in the Tithonus model

sz If N < oo, then f;, the proportion of failures at age ¢, is a stochastic process governed by Eq. 2
s34 rather than a deterministic process. Biologically, this is because 7 are stochastic rates and there is
135 thus (stochastic) heterogeneity in the failures f accumulated by age t. In other words, the failures
16 accumulated at a fixed age t are described by a probability density function rather than a single
337 value. We may naively try to connect the mortality y(f;) associated with having f; failures at age f
18 by simply applying the mortality rule to the failure dynamics (we use 'naive’ here in the sense of
339 intentionally ignoring the contradiction that high-failure individuals, that are likely to have died
uo  already, are assumed still present at any t). Since f; is now a stochastic process, we cannot use the
sa1 - chain rule from calculus directly, but must instead use It6’s formula from stochastic calculus (Box
s2 2 presents an introduction to stochastic calculus).

343 Itd’s formula tells us the mortality rate at age ¢ in this case obeys the stochastic differential

34 equation

(i) = |rGOw G+ aen” ()| de-+ (i ) )

us  where W; is the same Wiener process that appears in Eq. 2. The quantities

du(x

347 W (f) = ‘Lcll(x ) . and
d?u(x

348 ‘u”(f) = ;x(z ) ,

a9 are the first two derivatives of the mortality rule evaluated at the current number of failures.
350 Heuristically, 3/(f) tells us whether mortality is (locally) increasing or decreasing with f, and

1 " (f) tells us whether this dependence is (locally) accelerating or decelerating.

352 Taking expectations on both sides of Eq. 15 now gives us
dﬂ(ft) _ / T(f ) "
B | =)+ 5w (16)
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4 Eq. 16 is systematically different from the infinite sub-system prediction (Eq. 11) when the

s mortality rule is non-linear and the number of sub-systems N is finite.

[ [ Box 2: Itd6’s formula for non-linear transformations of SDEs ]—\

Imagine a deterministic quantity x(¢) satisfying the ordinary differential equation % = f(x) +g(x)

for two functions f and g. Given any function h, we can calculate how the quantity h(x(t)) changes

over time using the chain rule of differentiation from calculus. The chain rule tells us that

M= T () f () +H ()3,

In standard ‘SDE notation” (introduced in Box 1), we can rewrite this relation as
dx = f(x)dt + g(x)dt = dh(x) =W (x)f(x)dt + I (x)g(x)dt (ii)
We may thus guess that the behaviour of /1(X;), where X; is an Itd diffusion that solves the SDE
dXy = F(Xy)dt + G(X¢)dW,

follows the same principle, with gdt simply being replaced by GdW; on the RHS of Eq. ii. Counter-
intuitively, this idea fails due to the rapid stochastic fluctuations of the It6 diffusion X;. The correct

description of h(X;) is instead given by Itd’s formula (Itd, 1951)

h'(X
dh(Xs) = W' (X)) F(Xp)dt + 0 (Xe) G(X¢)dW; + 7(2 2 G2(Xy)dt.

There is now an extra h”(X;)G?(X;)/2 term that does not exist in the deterministic setting! Fur-

thermore, since this term is multiplied by dt rather than dW;, the additional term changes the

expectation value of /1(X;) (see Box 1). An intuitive visual interpretation of this extra term in the

context of eco-evolutionary dynamics appears in Box 3 of Bhat and Guttal (2025). Since It6’s formula

is a stochastic version of the chain rule from ordinary calculus, the resulting theory of the rate of

change of transformations of (Itd) diffusions is called (Itd) stochastic calculus (Qksendal, 1998).

356 \ j
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357 If the mortality rule is accelerating in the proportion of failed sub-systems (1" (f) > 0), then,
s for any age, the mortality curve predicted by Eq. 16 is always higher than the curve predicted
39 by Eq. 11 (Fig 2C-D). On the other hand, if the mortality rule is decelerating (4" (f) < 0), the
0 mortality curve predicted by Eq. 16 is always lower than the curve predicted by Eq. 11 (but it is

ss1 - not clear whether we would ever biologically expect to find such decelerating mortality rules).

32 The main model with selective disappearance

33 The simplicity of the Tithonus model comes at a cost of assigning mortality rates in a post-hoc
34 way to every possible individual state (number of failures), without taking into account that
35 individuals who die can no longer age. Thus, it may not be possible to reach some states (failure
36 values) while remaining alive, or the probability of doing so may be low. To better understand
ss7 whether and how sinful this simplification is, we now present a model that fully takes account
s of mortality’s power to remove individuals from the set of observables, at the appropriately
s stochastic and individual-level rate. This allows us to study how the mortality process itself feeds
s back, via the disappearance of some individuals, into predicting the mortality curve that we
s expect to observe at the population level.

372 We now model the failure dynamics {ﬁ}tzo as a birth-death process with killing (Karlin and

w3 Taylor, 1981, p. 161) on {0, %, %, ..., 1} U{C} with transition rates

374 f—=f+ % at rate N7 (f) (17a)
375 f—f- % at rate Nr_(f) (17b)
376 f — C at rate p (f) (17¢c)

s7 - Here, C is a ‘cemetery state’ (a term borrowed from human demography) used to denote the death
s of the individual (Karlin and Taylor, 1981, p. 161). The Markov process defined by Eq. 17 unfolds

;79 in continuous time, and can be simulated exactly using the Gillespie algorithm (Kokko, 2024).
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380 We once again track the probability that an individual who begins with fy = Fy/N failures
;1 at age 0 will have a proportion f failed systems at age t. We will denote the probability density
% of this process by P(f,t) to distinguish it from the probability that appears in Eq. 1. An
% argument identical to that used to derive Eq. 1 (Supplementary section S1) shows that P(f,t)

s« obeys (Woodbury and Manton, 1977; Yashin et al., 1985)

P (f,t d . 1 2 - ~
LD — S PUD}+ gigam (FOPUD} - w0 (18)
386 Eq. 18 is a generalisation of a Fokker-Planck/diffusion equation that allows for the loss of

se7  individuals from the cohort due to (stochastic) mortality (Woodbury and Manton, 1977; Yashin
;s et al., 1985). Continuous state stochastic processes whose probability densities are described by
;9 equations of the form Eq. 18 are called killed diffusions or diffusions with killing (Karlin and Tavaré,
30 1982; Steinsaltz and Evans, 2006; we also characterise the process in terms of its infinitesimal
31 generator in supplementary section S2.1). While a neat result, Eq. 18 comes with an important
2 limitation that we need to overcome: it is not correct to interpret P(f,t), when read for a specific
33 value ¢, as the probability distribution of failures of an age-t individual. This is because the density
s+ of individuals as a whole declines over time (due to death) and approaches zero; a probability
s density function must sum up to 1, however. We will thus need to condition on the individual
306 being alive.

307 The remaining task is thus to focus on the subset of individuals still alive. Technically, this
38 means deriving the probability distribution function conditional on the individual having reached
300 age t, in other words, asserting that the time of death Tynort > t. Yashin et al., 1985 (their Eq. 7 and
wo their Appendix A) have proved that the conditional probability density P(f,t) := P(f, t|fo, t <

a1 Tmort) Of this processs obeys the partial differential equation

~ 2
LD — LR} + g {TOPED} - W) B0 (9

402
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403 where

1
A = E[u(ft) | fort < Toort ] = / u(x, )P (x, t)dx 20)
0

a0s  is the expected force of mortality conditioned on remaining alive.

406 Eq. 19 describes P(f, t), the probability (density) of a live individual having f failures at age ¢.
w7 However, while Eq. 19 describes how a probability distribution function as a whole changes over
ws age, it would be much more intuitive if we could instead come up with a “pathwise” description
a0 that lets us follow an individual through the course of its life and ask how its number of failures
a0 and mortality risk are expected to change in terms of means and variances (see Fig 1 for a visual
an  representation of the two different descriptions). For the Tithonus model, we were able to derive
a1z such a description, namely a stochastic differential equation (Eq. 2, see Box 1 for why this is
a3 a pathwise description), using the fact that a process whose probability density is given by a
ss  Fokker-Planck equation always corresponds to the solution of an SDE (Gardiner, 2009, section
a5 4.3.5). No such direct correspondence with an SDE exists for equations such as Eq. 18 and Eq.
a6 19 because individuals may enter the cemetery state (i.e. die) at any time, at which point the
a7 ‘path’ of the individual through failure space disappears, instantaneously jumping to the cemetery
ss state. To overcome this difficulty, we derive a path-wise description in terms of the Tithonus

a9 model using a fundamental theorem from the heart of stochastic analysis called the Feynman-Kac

a0 formula (Feynman, 1948; Kac, 1949; Jksendal, 1998, section 8.2).

o The Feynman-Kac formula reveals the emergence of selective

2 disappearance

w23 Suppose an individual is born with f; failures at birth, and then accumulates failures and
24 experiences mortality risk according to our main model with selective disappearance defined by
25 Eq. 19. Let us denote this stochastic process by ﬁ Let M : [0,1] — R be a function that takes in a

w26 number of failures f and outputs a real number. M(f) should be thought of as a measurement
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sz made on an individual that bears f failures. For instance, choosing M(-) := - measures the
w28 number of failures, and choosing M(-) := u(-) measures the mortality associated with having a
w290 given number of failures subject to the mortality rule y. One could also imagine M calculating
a0 reproductive output, nesting ability, or any other quantity, as long as M only depends on the
s failures f that the organism possesses and does not otherwise depend on chronological age (the
a2 technical phrase is that the measurement M is ‘time homogeneous’).

433 We are interested in E[M(f;)|fo = fo], the value of the measurement performed on the
s typical individual following our main model Eq. 19 and initiated with ﬁ) = fo. Notice that
a5 Eq. 19 is conditioned on the individual being alive, and so the expectations and so on are
a6 genuine probabilities. In supplementary sections S52-53, we use a version of the Feynman-Kac
w formula (Dksendal, 1998, theorem 8.2.1(b)) to show that M(fy,t) := E[M(f;)|fo = fo] can be

438 Wwritten as

*j‘?‘(fS)ds
R 1E|: M(ff) e 0 fO = f0:| M(fo t)
439 M(fo,t) = ; = =, (21)
~ [ u(ids 5(t)
E [6 0 fo = f0:|

uo  where f; is the stochastic process defined by Eq. 2 from the Tithonus model, and the conditional
w1 expectation is over paths of the Tithonus model {f;}:>¢ starting from fy at 0. We describe one
w2 intuitive way to think about the meaning of an expectation over the paths taken by a stochastic
w3 process in Box 3. We have defined the composite terms M for the numerator and S for the
w4 denominator for convenience, so we may discuss them both in turn.

445 We begin with the numerator,

_ ~ [ u(io)ds
M(fo) =E | MF)e o |fo=fo|, (22)

w7 Since p( f) is the instantaneous mortality risk when an individual has f failures, f o H(fs)ds is the cu-
s mulative mortality risk associated with the entire path {fs};c(o- The quantity exp(— fo (fs)ds),

4.

N

s typically called the survivorship, thus measures the probability of survival up to age ¢, starting
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w0 at age t, when failure accumulation follows the path {f;}.c(o. In words, the RHS of Eq. 22 is
51 thus ‘summing up” all the possible values of the measurement M performed on a hypothetical
ss2  individual following the Tithonus model Eq. 2, while weighting each possible measurement by

43 the survivorship along the particular path the process took to arrive at its final value.

Box 3: Expectations over the paths taken by an It6 diffusion

4 )

Consider a continuous time stochastic process {X;};>¢ that takes values in [a,b] C RU {—o0, 00}

and solves the SDE dX; = F(X;)dt + G(X¢)dW;. Let H(Xt) be a function that depends on the
entire path or ‘history” of {X;};>¢ up to the time T > 0. For instance, the survivorship function
exp(— fo (Xs)ds) is one such function. One way of understanding the meaning of the conditional
expectation E[H(Xt) | Xo = x] is to partition [0, T| into n discrete time intervals, each of width
(At), = T/n. For each k € {0,1,...,n}, let { := kT/n denote the kth timepoint in the partition.
Note that fp = 0 and t, = T. The conditional expectation of H(Xr) over the paths of the Itd diffusion

X; can be written as (Karatzas and Shreve, 1998, Theorem 2.4.20 with Theorem 3.5.1)

n—o0

b b b
E[H(Xr) | Xo = x] = lim / // H(xt,) (Hpn Xp |%h, ) dxydxg, - - dxy, dxy, (iii)

\—,_/
n times

where we set x;, = x to enforce the conditioning on the initial value, and each

(x| xt,_,) = L ex <—1[xtk_xtk1_F(ka1)(At)n]2>
Y TP 17T M W N [ (O

can be interpreted as the density function for the process {X;}:>¢ to take value x;, at time #; given
that its value at an earlier time t;_; was x,_,. The product [T}_; pn(xs, ’xtk—l) is thus just a joint
density function for (x,,xt,,- -+, X, ,,Xt,), a vector that becomes a continuous path as n — oo, i.e.
as (At), — 0. The fact that p, (- |xs, ,) is the density function of a Normal distribution with mean
xt,_, + F(xt,_,)(At), and variance G?(x¢,_,)(At), should make sense upon revisiting the meaning
of the SDE dX; = F(X:)dt + G(X¢)dW; (Box 1). The limiting object on the RHS of Eq. iii can

also be recast into a single, more abstract integral called an ‘integral with respect to the Wiener

measure’ (Kac, 1949) in mathematics and a ‘Euclidean path integral” (Feynman, 1948) in physics.

454 \ /
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a5 We now move to the denominator. We show in supplementary section S3 that

1 (fs)ds

Ct—

~ [ R(s)ds
0

456 S(t)=E [e_ fo = fo] =e , (23)

ss7 where 71 is given by Eq. 20. Thus, S(t) intuitively calculates the survivorship corresponding to
sss  the “average force of mortality” 7 conditioned on individuals not dying. We also show in the
0 supplementary (Eq. 528) that S(t) quantifies the expected number of individuals who reach age ¢
w0 if we do not condition on remaining alive (i.e. if individuals are continually lost to the cemetery
w1 state as in Eq. 18). More precisely, if a population initially has K individuals of age 0, each
s> individual following our main model Eq. 17, then a proportion KS(t) of them are expected to
w3 reach age t alive. Motivated by this, we henceforth call S(t) the “expected survivorship” in the
w4 population.

465 To summarise, the numerator of the RHS of Eq. 21 is the expected value of M(f;) if individuals
ws followed the Tithonus model, with the contribution of each path {fs}sc[o, additionally being
w7 weighted by the probability that an individual following our main model does not disappear
ws if it follows that path. The denominator is the expected survivorship across all possible paths.
w0 In both, the expectations over paths are in terms of realisations of the Tithonus model, which
a0 admits a direct pathwise description in terms of SDEs. The relation 21 clarifies the precise way
a1 in which selective disappearance affects measurements — those paths in failure space which are
sz more likely to be associated with death/mortality are systematically less likely to contribute to
w3 the measurement M(fy, t) because these ‘unlucky’ individuals (also see Snyder et al., 2021) are
s+ more likely to die before reaching age .

475 Since the Tithonus model can be written as the solution to an SDE, it is both easier to handle
e analytically and much more efficient (in both time and memory) to simulate numerically using
s77 - standard SDE-based tools than the exact stochastic process Eq. 17, since the latter requires using
s the Gillespie algorithm (Kokko, 2024). Thus, our work provides efficient numerical methods to

aro  calculate the expected effects of selective disappearance on measurements, as long as the failure
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a0 accumulation rule, mortality rule, and the connection between the measurement and failures are
a1 known.
a82 Setting M(-) = -, we find that E(fo, t) := E[f;|fo = fo], the expected number of failures accrued

w3 by an individual of age t following Eq. 19, is given by

~ 1 _ft.“(fS)ds
484 E(fo, t) = S(t)]E|: ft e o

fo = fo} . (24)

sss  Similarly, setting M(-) = u(-), we obtain the expressions for the expected mortality at age ¢

a6 conditioned on remaining alive as

IO - uti)as
487 u(fot) = %E u(ie) e

fo = fo} (25)

s where p(f¢) solves the SDE Eq. 15. Eq. 25 says that we should weight the mortality y(f) associated
a0 with having f failures by the probability of reaching the state f without dying (normalised by the
a0 average survivorship in the population). In figure 3, we illustrate that the analytical predictions
a1 from the Feynman-Kac prediction generally agree with direct individual-based simulation of
a2 the exact stochastic process 17 using the Gillespie algorithm (Kokko, 2024), and both differ
a3 significantly from the predictions when disappearance is ignored. The discrepancy between the
sa  Tithonus model and our main model is more pronounced at later ages, but since survivorship
a5 also declines with age (background gradient in Fig 3), not many individuals necessarily survive
a6 up to the point where the deviation becomes noticeable. Fig 3 exemplifies this by illustrating the
a7 age (vertical dotted lines) at which only 10% of the initial cohort is alive, and the deviation from
w8 Gompertz remains mild for the majority of individuals. Moreover, the survivorship plummets

a9 catastrophically past this point (notice that the gradient is on a logarithmic scale).
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Figure 3: (A) Failure and (B) mortality accumulation curves predicted under the logistic failure
accumulation rule Eq. 9 with the geometric mortality rule Eq. 13. Light blue trajectories are from
9500 Gillespie simulations of the exact stochastic process 17, and dark blue points (with error bars)
are the mean values among these trajectories. Error bars are standard deviations. Black curve
is the expected trajectory of the Tithonus model (Eq. 2 and Eq. 15), calculated by numerically
simulating 20,000 realisations of the SDEs using the Euler-Maruyama method. Red curve is the
Feynman-Kac formula (Eq. 24 for failures, Eq. 25 for mortality), with expectations calculated
using the numerical simulations of the Tithonus SDEs. Shade of the background represents
expected survivorship from Eq. 23. Dotted vertical line indicates the point when S(t) = 0.1.
We use 7 (f) = (1= f)(2¢p +kof) and r_(f) = (1 — f)¢p, so that the failure accumulation
rule is 7(f) = (1 — f)(¢p + kof ) and the turnover is 7(f) = (1 — f)(3¢, + kof ). The means of
the Gillespie simulations are generally higher than the Feynman-Kac prediction because rare,
extremely ‘lucky” individuals with few failures and exceptional lifespans are (by definition)
unlikely to be present in any finite size sample of realisations of a stochastic simulation. Parameter
values: ¢, =1073,k, = 0.1, = 107>, x = 0.2, N = 200, fo = 0.01.

500 How much of a difference can selective disappearance make?

s Since we have shown that selective disappearance can alter the observed values of measure-
s2 ments (Fig 3) from what would have been observed if there were no disappearance, a natural
s03 question is just how strong one can expect this effect to be. For instance, in humans, mortality

s« beyond approximately 30 years of age fits the Gompertz curve well (see Figure 1 in Pichler and
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sos  Uhlig, 2023 for a recent example in Germany), with no obvious deviation at oldest ages, and the
so6 existence of mortality plateaus in general for humans is debated (see Discussion). In equations, we
sr ask for the value of S (fo, t) :== E[M(J) | fo = fo] — E[M(f) | fo = fo] , the expected difference
sos between the measurement M if there were no disappearance, and the corresponding value when
so0 disappearance is present (the latter measurement being conditioned on the observed individual
s.0 remaining alive). Using Eq. 21 in the definition of dy( fo, t) reveals that dys, the expected deviation

s of the measurement M from the Tithonus model dynamics, admits the representation

!
512 om(fo,t) = _5(1t) Cov | M(r) i fo=fo (26)
si3. where Cov[X;, Y| Xo = x| :== E[X:Y;|Xo = x0] — E[X¢| X0 = x0]E[Y¢|Xo = x0] is the conditional
s14  covariance process at time t between two stochastic processes {X;}i>0 and {Y:}+>0. Eq. 26 says
si5  that we expect selective disappearance to alter measurements significantly (|ds] is large) if the
5.6 measurement M is correlated with survivorship. If larger numerical values of M are associated
si7 - with lower survivorship, then the covariance is negative and J) is positive (the expected value
sis  of the measurement with disappearance is lower than if there were no disappearance), whereas
s19  if larger numerical values of M are associated with lower survivorship, then the covariance is
s20 positive and Jy is negative (the expected value of the measurement with disappearance is higher
sz than if there were no disappearance). The magnitude of the difference, |dy|, is proportional to the
52 magnitude of covariance between the measurement and survivorship. In Supplementary section
s23 54, we show that the absolute value of ) can be bounded above by

524 |(5M(f0,t)| S O'M(fo, t) 1;S(t), (27)

s where o (fo, t) == /Cov[M(ft), M(ft)[fo = 0] is the standard deviation process for the measure-
26 ment M(f). The quantity op(fo, ) can be thought of as measuring the heterogeneity in the failure

s27 accumulation process {f;}+>0 at age t. The term within the square root can be interpreted as an
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s2s  0dds ratio, the denominator being the expected survivorship from Eq. 23, and the numerator
s20 being its complement.

530 As an application of Ineq. 27, we illustrate how mortality curves are affected by selective
31 disappearance. Let us assume that the turnover 7(f) is bounded, i.e. that there is some finite
52 number Tmax such that 7(f) < Tmax ¥V f € [0,1] (this is a natural assumption for us because we
533 expect the rates r4 (f) to be bounded, since only so many things can happen within an organism
53 per unit time). Let us further assume that y/(f), the rate of change of mortality as a function of
s35 failures, is also bounded, i.e. there is a finite constant ., such that p/'(f) < ul. ¥V f € [0,1].
s3 In words, this latter assumption is saying that the mortality hazard y never changes infinitely
ss7  quickly. Using the SDE Eq. 15 corresponding to mortality in the Tithonus model, we show in
s supplementary section S4 that 6, (fo, t), the expected difference at age t between the mortality

s39 curve with disappearance and the curve when there is no disappearance, obeys

/ max 1_§
540 16 (fo, 1) < Pmax TN ( S(t)(t)>t : (28)

ses Thus, the maximum possible effects of selective disappearance are controlled by (a) iy, how
se2 quickly mortality can change as failures change (slower means the effects of disappearance are less
sa3 visible), (b) ¢, the age at which the measurement is made (the effects of selective disappearance
s« are less visible at smaller ages), (c) N, the total number of sub-systems that can fail (larger means
sss  the effects of disappearance are less visible), and (d) S(t), the overall expected survivorship at age
s6 ¢ (greater survivorship means the effects of disappearance are less visible).

547 The geometric mortality rule Eq. 13 that we advocated for earlier does not have a bounded
s4s  derivative, since our model predicts infinitely high mortality risk when f = 1. Nevertheless, since

se9 0 < f(t) <1, we can approximate Eq. 13 arbitrarily well by a finite geometric series,

s (D) = e +xlf(})(t) ~ et x (fO+ PO+ PO+ A0+ + FO+F40) . @9
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ss1 Here, « > 1 can be any positive integer, chosen according to a desired degree of precision. Higher
ss2 values of & provide strictly better approximations, and the equality is exact if we consider infinitely
53 many terms. Letting a be any fixed, finite number, we show ( supplementary section 54) that
sso Oy ( fo, t), the expected difference at age f between the mortality curve with disappearance and the

55 curve when there is no disappearance, is bounded above by

149 (‘X + 1) Tmax ehet — gfail(t)
0 )] < = t -, 30
) < e (S e0)

ss7 where Sg,;(t) measures the expected survivorship when deaths due to extrinsic factors are
sss excluded. In other words, we have partitioned the overall expected survivorship S(t) from Eq. 23

ss0 as S(t) = e et Sg(t). Ineq. 30 tells us that

560 1. Deviations caused by selective disappearance are less important at smaller ages, but can be-
561 come more important at later ages. This simply reflects the fact that the role of heterogeneity
562 and ‘luck” in affecting distributions via disappearance is more important as the cohort ages.
563 2. Selective disappearance becomes less powerful at causing deviations from Gompertz as the
564 total number of sub-systems N grows larger. One way to phrase the effect is that a large
565 N means that each individual’s path to each death is rather unique: the identity of the
566 subsystem that fails first is then likely to differ between individuals, as does the identity of
567 the "final straw’, and all else in between. We predict that the uniqueness of the causal route
568 to each death weakens the signature of selective disappearance in any longevity dataset. An
560 imaginary organism with N = co would not show it at all, while an organism with only
570 meagre complexity (a small number of subsystems) shows the best prospects for selective
571 disappearance playing a strong role in their observed life histories.

572 3. Selective disappearance becomes less important as Tmax becomes smaller. Recalling from Eq.
573 3 that 7(f) controls the variance in the failure accumulation process over small timescales,
574 this means that selective disappearance becomes less important as the failure accumulation
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575 process itself becomes more stereotyped/canalised.

576 4. For a fixed value of y,, the role of extrinsic mortality in causing deviations due to selec-
577 tive disappearance is more important at later ages. Conversely, for a fixed age, selective
578 disappearance becomes less important as the extrinsic mortality y, decreases. Though this
579 may seem puzzling at first glance because extrinsic mortality traditionally masks patterns of
580 senescence, it becomes more clear once we remember that we are calculating conditional
581 probabilities. Intuitively, extrinsic mortality uniformly controls the probability of survival up
582 to a certain age, independent of failures. Since we are conditioning on individuals remaining
583 alive up to age t, this conditioning increasingly focuses on those ‘lucky” individuals who
584 avoided death as (a) extrinsic mortality increases, and (b) later ages are considered. In other
585 words, though extrinsic mortality does not itself cause ‘selective” disappearance in the sense
586 of favouring some states over others, its effects are nevertheless to cause deviations from
587 curves predicted without disappearance because extrinsic mortality is selecting for pure
588 dumb luck. However, this is only true when failures do still have an impact on mortality
589 (note the x outside the square root) because extrinsic mortality can only amplify existing
500 differences.

501 5. Selective disappearance becomes less visible as S, (t), the expected survivorship when
502 deaths due to extrinsic causes are ignored, increases. The same logic also explains the
593 multiplicative factor of x outside the square root: if failures have a smaller impact on
594 mortality aver all (x is smaller), selective disappearance is less visible; if all mortality is
595 extrinsic and failures do not impact mortality at all (x = 0), selective disappearance cannot
596 cause any deviations of mortality curves from the predictions of the Tithonus model.

507 Thus, in many cases, selective disappearance may not impact observed datasets in a strong

s manner. In these cases, we predict, from our criteria for failure and mortality rules above, that
s0o the resultant mortality curves should generically follow the Gompertz-Makeham shape (see Eq.

oo 14 and fig 2 ). Eq. 26 also shows that deviations from Gompertz-Makeham will always reduce
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o1 the mortality rate — moving towards a plateau-like shape —- because the covariance between
ez mortality and survivorship is always negative (and thus 8, is always positive). Further, the v/t on
o3 the right hand side of Ineq. 30 indicates that J, is constrained to be smaller at smaller ages. Thus,
s04 deviations of observed mortality curves from Gompertzian dynamics are always a reduction in
s mortality later in life (red curves and blue points in Fig 3). Theorem 3.4 in Steinsaltz and Evans
s0s (2006), together with Steinsaltz and Evans (2004), proves that the mortality curve arising from
s07 Eq. 19 (or, equivalently, Eq. 25) is also guaranteed to plateau in a strict sense, i.e. remain strictly
s constant with age, if we consider sufficiently advanced ages (in fact their results concern a broader
s0o class of stochastic processes).

610 The bound we have derived (Ineq. 30) is about the maximum value that ¢,, the expected
su1  difference in mortality between the typical individual following the Tithonus model and a
s12 corresponding individual following our contradition-free main model, is mathematically allowed
13 to take at age f. It can thus be thought of as an estimate of the ‘opportunity” or ‘potential” for
14 selective disappearance to be important. Importantly, the bound is calculated after conditioning on
s finding living individuals of that particular age. Consequently, it automatically assumes that such
16 an individual will indeed be found. Since survivorship also strongly declines with age (colour
s gradient in Fig 3), the value of §,, could be large and nevertheless be difficult to detect in data if
18 the expected survivorship becomes very low before §, becomes appreciably large. One way to
s19 visualise when deviations are difficult to detect due to low expected survivorship is to calculate
0 S(t) at the time when the relative deviation 6, (fo, t)/E[u(f)|fo = fo] € [0,1) first exceeds a fixed
s21 ‘detection threshold’ 6. Setting 6 to a low number should be interpreted to mean that the empirical
22 data admits sufficient statistical power to detect small deviations from Gompertz-Makeham
623 dynamics, whereas setting 6 higher means that we need a larger difference in the relative mortality
e rate predictions &, /E[u(ft)|fo = fo] before we have confidence that the curve being followed is
s2s indeed not Gompertz-Makeham and exhibits a detectable plateau.

626 In Fig 4, we use the exact expression Eq. 26 to plot the expected survivorship S at the age

ez when 6, /E[u(ft)|fo = fo] first exceeds various threshold values 6. As the total number of sub-
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s2s  systems N increases, the survivorship at the point where a fixed threshold 6 is exceeded quickly
s20 becomes extremely small. Unlike the upper bound Ineq. 30, the expected survivorship (obviously)
s30 decreases as extrinsic mortality is increased, causing deviations from Gompertz-Makeham to be
e31 less detectable (compare Fig 4A vs Fig 4B), despite the deviations being less constrained by Ineq.
sz 30. Loss of expected survivorship is thus an additional way in which observed mortality curves in
33 data can resemble the trajectory of the Tithonus model (and hence often be Gompertz-Makeham
634 curves).

635 Undetectability of deviations due to loss of expected survivorship is fundamentally a function
s36  Of limits on measurement precision and statistical power. Blue hues in 4 indicate that only very few
37 individuals are still alive when deviations of a specific size become visible. Yet, in principle, if one
ess could start with sufficiently many sufficiently (and possibly unrealistically) large cohorts, patterns
39 in data could be detected up to arbitrarily advanced ages (with arbitrarily low survivorship). In
a0 contrast, the upper bound Ineq. 27 is a mathematical constraint on the maximum possible value
sa of 6, and is hence conservative (i.e. the realised deviation could be well below this bound) but
sz unaffected by considerations of sample size or statistical power. Put differently, the expected
es  survivorship S(t) (Eq. 23, colour in Fig 4) tells us the probability of finding a living individual of
44 age t in our main model, while the bound Ineq. 27 tells us how different the typical individual
s that has reached age t (without having died) in our main model is from the typical Tithonus

sss individual of the same age.
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Figure 4: The mean survivorship at the point when the deviation between our main model and the
Tithonus model first exceeds a fixed detectability threshold 6. X-axis is the number of sub-systems
N, and colour is the expected survivorship S(t) from Eq. 23 at the age t when the relative
deviation &, (fo,t)/E[u(f)|fo = fo] first exceeds the corresponding point on the Y-axis (6). Grey
colour indicates that either the expected survivorship dropped below 10> or the detectability
threshold 6 was never reached by t = 500. Results are plotted for both (A) Low extrinsic mortality,
pe = 107°, and (B) High extrinsic mortality, y, = 0.1. Relative deviation &, /E[u(f)[fo = fo] and
expected survivorship S are both calculated using the Feynman-Kac representations by numerically
simulating 20,000 realisations of the Tithonus SDEs using the Euler-Maruyama method for each
value of N. We use 7 (f) = (1 — f)(2¢p +kof) and r_(f) = (1 — f)¢,, so that the failure
accumulation rule is r(f) = (1 — f)(¢p +k,f) and the turnover is 7(f) = (1 — f) (3¢, + kof ).
Fixed parameter values across both panels: o = 1073, kp =0.1,x=0.2,fp = 0.01.

Discussion

In this paper, we provide a mathematical framework that formally captures the idea that senescence
arises from stochastic failures of, or damage to, intra-organismal sub-systems important for
physiological function. The first of our two models is simple but inherently contradictory (the
‘Tithonus model” where organisms can age, and this impacts mortality rates, but deaths are not
actually implemented), while the main model strives towards more realism by removing the
contradiction. The ‘Tithonus model” has the benefit of creating simple predictions for failure
accumulation and mortality curves when the goal is not to incorporate selective disappearance,

which justifies presenting it while alerting the reader to its inherent contradiction.
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656 To put our findings in a historical context, it is intriguing to note that George Williams, one
ss7  of the grand old men of senescence theory, was quite pessimistic about both reliability theoretic
ess  thinking and Gompertz-Makeham curves later in his life (Williams, 1999), even referring to the
5o same Tithonus myth we use here (though he used the metaphor to encourage study of ageing
0 more broadly, not just in terms of lifespan shortening). His view was that the ‘organisms as failing
s1 machines’ analogy could not handle repair or replacement of failed systems, that Gompertz-
sz Makeham mortality is often postulated only through statistical fitting (i.e. without mechanistic
63 understanding), and that Gompertz-Makeham mortality cannot persist when populations are
s« heterogeneous. Our work addresses all these criticisms. Firstly, we have incorporated repair
s rates in our model, only assuming that repair cannot perfectly balance failures forever, not
s least because repair mechanisms themselves can fail (Gorbunova et al., 2007). Secondly, we
s7 have derived exponential mortality curves as a generic consequence of two mechanistically
ss grounded observations: (i) organisms are integrated systems with many interdependencies and
o thus failure begets failure, and (ii) an organism can never remain alive when all its sub-systems
0 have failed (though it may also die earlier). Thirdly, we have demonstrated that while (stochastic)
e11  heterogeneity does cause deviations from Gompertz-Makeham curves (also see Weitz and Fraser,
ez 2001), these deviations may often be so small as to be undetectable in data.

673 In addressing the last of Williams” (1999) criticisms by showing that deviations of our main
e« model from Gompertz-Makeham mortality can often be very small, our work touches on an
s important, if somewhat overlooked, theoretical conundrum relevant to humans and related unitary
o6 organisms: if selective disappearance is inevitable and always lowers late life mortality (thus
sr7 causing a plateau), why do so many organisms exhibit an excellent fit of the Gompertzian model to
es data? After all, the very existence of late-life plateaus in human mortality data is contentious (Barbi
oo et al.,, 2018; Feehan, 2018; Newman, 2018; Gavrilov and Gavrilova, 2019), though evidence is
0 stronger in some other organisms (Carey et al., 1992; Curtsinger et al., 1992; Chen et al., 2013),
ss1  showing that plateaus do sometimes exist in the real world. Our model predicts that a late-life

62 deceleration and eventual plateau should always “exist” in the sense of quantitatively affecting
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3 measurements whenever the failure accumulation and mortality processes are stochastic, even
ses if the population is homogeneous for ‘quality” (the deviation Eq. 26 is exactly zero only if N is
ses exactly infinite or the measurement does not covary with survivorship). However, the deviation
s6 from Gompertz-Makeham curves may be undetectable in many biologically relevant cases, either
7 because the deviation itself is constrained to be small (Ineq. 27, Ineq. 30) or because expected
sss survivorship becomes very small before the deviation can become large (Fig 4).

689 An interesting finding from our model is that deviations remain small when the causal route
so0 to each intrinsic death is relatively unique, i.e. different deaths due to sub-system failure have a
o1 relatively unique path among all potential sequences of subsystem failures experienced before
sz mortality finally strikes. This is relatable for anyone studying human causes of death, which
03 — despite attempts to bin them into broad-brush categories such as ‘cardiovascular issues” and
4 ‘cancer’ — are extremely diverse. For humans in particular, therefore, our modelling framework
eos suggests that deviations from Gompertz-Makeham curves should generally be negligible. Empiri-
eos cally, finding a strong deviation from Gompertz-Makeham mortality at a parameter combination
so7 for which our framework predicts a small deviation would decisively falsify the form of models
s We propose here.

699 Ours is not the only post-Williams work that investigates mortality curves arising from first
700 principles (Gavrilov and Gavrilova, 2001; Laird and Sherratt, 2010; Webster, 2019; Ledberg,
700 2020). Rather than focus on particular ways in which intra-organismal processes depend on
702 each other (Gavrilov and Gavrilova, 2001; Laird and Sherratt, 2010; Webster, 2019), we have
703 chosen to coarse-grain the description of failure accumulation by assuming the rates 4 exist and
74 depend only on the proportion of failed sub-systems, but not otherwise specifying a particular
705 interdependency structure (‘series’, “parallel’, “scale-free’, etc.). We have instead postulated some
76 general principles that biologically reasonable failure accumulation and mortality rules should
707 obey, thereby biologically grounding the more abstract state space models (Woodbury and Manton,
708 1977; Yashin et al., 1985) while also extending them mathematically and conceptually. We provide

700 a more detailed exposition of the relation of our work to Woodbury and Manton (1977) and Yashin
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70 et al. (1985) in supplementary section S6.

711 The simplest failure accumulation rule (‘logistic’, Eq. 7) and mortality rule (‘geometric’, Eq.
712 13) that satisfy our proposed principles predict (exact) Gompertz-Makeham mortality curves in
713 our Tithonus model. Beyond that, a large class of failure accumulation rules (characterised by Eq.
714 5) are also approximated by the logistic failure rule in the initial part of the failure accumulation
715 process (i.e. when the Taylor expansion in Eq. 7 remains accurate). Thus, the details of the
716 interdependencies between sub-systems are not important for the prediction that mortality curves
717 should be approximately exponential during the initial part of failure accumulation process, as
71s  long as one can reasonably talk about a ‘per-capita failure rate’ p(f) of a sub-system such that the
719 total failure accumulation rate obeys Eq. 5.

720 In this sense, our results are aligned with Ledberg (2020), who showed that a broad class
721 of models of stochastic damage accumulation predict (approximately) exponential mortality
72 curves. His work uses quite a different mathematical approach (queuing theory), assuming
723 mortality is proportional to the probability that the number of failed sub-systems ‘queuing to be
724 repaired” exceeds some fixed threshold, while we assume mortality is a continuous function of
725 the proportion of failed sub-systems. The fact that two very different approaches predict similar
726 outcomes further strengthens the view that the prediction of exponential mortality curves is robust
727 to the gory mechanistic details of the failure/damage process.

728 Since the predictions that we have made so far rely on our Tithonus model in which organisms
729 do not die, it appears unclear how seriously the awkward Tithonus assumption impacts the results.
730 Our much more realistic main model corrects this assumption and yields analytic formulae that
731 represent the expected value of failure-dependent measurements performed on senescing individ-
722 uals that are additionally mortal, allowing a contrast with the same measurements performed
713 on individuals following the simpler Tithonus model (Eq. 21). When measurements made on
734 individuals following the main model do not differ greatly from the measurements made on those
735 following the Tithonus model, the main model also predicts Gompertz-Makeham mortality curves

76 as a null expectation. A corollary is that in those species where the deviation from the Tithonus
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757 model is small, one can apply the simple Tithonus model by effectively ignoring any effects of
72e mortality and selective disappearance on observed measurements.

739 This result may not initially seem very useful because empirical work on selective disap-
740 pearance has largely focused on reproductive rather than actuarial senescence (Bouwhuis et al.,
721 2009; Hayward et al., 2013; Hamadldinen et al., 2014). However, though we have chosen to focus
72 on mortality here to explicate the main ideas and establish a connection to the wide-spread
73 applicability of Gompertz-Makeham curves, our results on selective disappearance are much
74 more general. , Our framework could just as well be used to study selective disappearance in
us reproductive traits — the ‘measurement’ function in equations such as Eq. 26 could measure
ns anything, including reproductive output, as long as the quantity only depends on chronological
77 age through the number of failures acquired by that age.

748 Since our model is agnostic about the type of organism it considers, it is also worth discussing
79 whether our work has anything to say about more interesting organisms than humans and related
70 unitary lifeforms. Finch (1994) has hypothesised that modular and non-unitary organisms should
751 tend to exhibit a lower rate of senescence than unitary ones ceteris paribus due to the potential
72 for continual replacement of damaged modules. Thus, the hypothesis predicts that modular
753 organisms such as colonial ascidians, corals, and some vascular plants should age more slowly
74 than unitary organisms such as nematodes, humans, and flies — an idea that has found some
755 tentative empirical support (Finch, 2009; Bernard et al., 2020). In our model, the rate of ageing
756 in our Gompertz-Makeham curve Eq. 14 depends crucially on k,, the rate of increase of the
757 per-capita failure rate p as the proportion of already failed sub-systems increases. Since k, can be
756 interpreted as a measure of the ‘integratedness of the organism’, with a lower k, indicating that
750 the failure of one sub-system does not have a strong effect on the failure rate of other sub-systems,
70 our work lends theoretical support to Finch’s hypothesis. We also illustrate this explicitly in
761 supplementary section S5, where we formulate a model inspired by Nielsen et al. (2024) in which
762 intra-organismal sub-systems are nodes (vertices) connected in a network (graph). We show that

763 in this model, the ‘rate” of the resultant Gompertz-Makeham curve is controlled by the average
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76« number of sub-systems that a sub-system depends on (the average degree of the graph).

765 Our work predicts that descriptions of failure accumulation are stochastic, depending on
766 both the failure accumulation rule r(f) and the turnover rate 7(f) (Eq. 2, Eq. 18, Eq. 19),
77 given that organisms have finitely many sub-systems capable of failure (N < o). Since models
76s with distinct damage and repair rates 7+ (f) can predict the same failure accumulation patterns
760 and mortality curves in the N — oo limit but exhibit systematically different expected failure
770 accumulation patterns (Fig 2C) and mortality curves (Fig 2D) due to stochasticity (recalling that
. T(f) tells us about the variance), our work illustrates how stochasticity can cause systematic,
72 directional patterns (Boettiger, 2018) rather than simply ‘blurring out” deterministic predictions.
773 More generally, many of the processes mechanistically involved in senescence and age-related
74 dysfunction have a strong stochastic component (Lopez-Otin et al., 2023; Meyer et al., 2025).
775 Our work demonstrates how such stochasticity can be incorporated into mechanistic models of
776 senescence from the ground up using birth-death processes and diffusion approximations.

777 The observation that stochasticity generates dynamic variation between initially identical
77s individuals has also been made in a different life-history theory context unrelated to senescence,
779 see Tuljapurkar et al.’s (2009) ‘dynamic heterogeneity” and Snyder et al.’s (2021) ‘state trajectory
70 luck’. The idea that stochasticity can lead to late life mortality plateaus also appears in Weitz
71 and Fraser (2001), whose model is similar to ours but less realistic in some key assumptions (see
782 supplementary section S6). Our work thus adds strength to the extension of the well-known
783 effect that late-life mortality plateaus can arise when there is unobserved heterogeneity in the
7« population (with some individuals being more frail or having lower ‘quality” than others, Vaupel
7ss and Missov, 2014). In our model, every individual begins with the same parameter values
76 and initial condition fy. Inter-individual differences emerge because the failure accumulation
77 and mortality processes are stochastic, generating variation in the state (number of failures) of
788 organisms that have the same chronological age. Selective disappearance and late-life mortality
750 plateaus arise by acting on this variation, even in the absence of any intrinsic differences in

700 ‘quality’, since individuals who (stochastically) accumulate less damage are less likely to die
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71 and thus progressively more overrepresented at later ages. Our work hence underscores how
72 selective disappearance is am unavoidable consequence of the observation that stochastic variation

703 accumulates over age (Lopez-Otin et al., 2023; Meyer and Schumacher, 2024; the Vtin Eq. 28).

94 Extensions and future directions

75 Though we have highlighted throughout how the precise interdependency structure of sub-
796 systems is unlikely to qualitatively affect mortality curves, assessing more quantitative aspects
77 requires deeper structure. One way to do this is to assume the interdependence of sub-systems is
7¢ encoded in a graph or network (Vural et al., 2014; Sun et al., 2020). We sketch a brief outline of
799 how such an approach interacts with our framework in supplementary section S5, where we use a
soo model inspired by Nielsen et al. (2024) to derive a mean field failure rule for organisms whose
so1  sub-systems are organised in a class of extremely symmetric graphs; supplementary section S6
sz thereafter offers a detailed discussion of the differences between Nielsen et al.’s (2024) model and
g3 ours. Several physiological systems also have asymmetric or directional dependencies in function,
s« and many failure cascades are ‘multi-stage” and only occur if failures happen in a particular
sos order (Armitage and Doll, 1954; Webster, 2019); extending the failure accumulation dynamics of
sos our model to account for this possibility may prove fruitful, and the analytical results of Webster
o7 (2019) are a promising starting point.

808 The particular models we present in this paper preclude the possibility of negligible or
g0 negative senescence (Vaupel et al., 2004; Finch, 2009; Baudisch, 2012) at the outset by assuming
sw thatry (f) > r_(f) for every f (i.e. the failure rate is always greater than the repair rate). While
s our general modelling framework of failure accumulation as (directed) diffusion with killing does
sz not require this assumption, the end result predicting exponential mortality curves as a baseline
a3 expectation likely does. If there is some intermediate value f* € (0,1) for which r, (f*) =r_(f*),
s more complex mortality patterns could be possible since the deterministic failure dynamics Eq. 4
s1s will then admit an internal equilibrium where failure is exactly balanced by repair.

816 Furthermore, though every individual must eventually end up in a higher failure state and thus
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si7  experience increased mortality with age when there is stochasticity (N < o0) by the infinite monkey
s1s  theorem (or, more seriously, the Borel-Cantelli lemma, Chung and Erdés (1952)), the probability
s1o  of this event could be very small and the first passage time to these high failure states could
s20 be extremely large (Woodcock and Falletta, 2024). Non-positive senescence is hence a distinct
21 possibility for biologically relevant timescales and cohort sizes when the failure dynamics admit
s22 internal equilibria. Biologically, however, since repair mechanisms may themselves fail (Gorbunova
23 et al., 2007), it is unclear how realistic it is to expect a stable internal equilibrium where failures
s24 are balanced by repair forever. Future studies should examine when (and whether) we should
s2s  biologically expect 71 (f) to allow stable internal equilibria in the failure dynamics and study
s2s what this means for the resultant mortality curves.

827 Though we have focused on exponential mortality and selective disappearance, our framework
28 can also be used to study other phenomena in senescence theory through (conceptually) straight-
s20 forward extensions that relax some of the simplifying assumptions we have made in this paper.
s30  For instance, while we have assumed that all organisms within the cohort are initially identical to
a1 underscore that fixed frailty classes are not required for selective disappearance, our framework
sz can easily be extended to model populations with a mixture of fixed frailty classes (differences in
s33 parameter values of fo, k,, x, etc.) using mixture distribution theory (Finkelstein and Esaulova,
s« 2000). Since it is known that fixed frailty classes cause average mortality to be “pulled down’
s3s  towards less frail classes with age (Finkelstein and Esaulova, 2006; Vaupel and Missov, 2014), we
36 may conjecture that adding some mixture of fixed frailty classes to our stochastic model could
ss7  produce Siler-like curves (Siler, 1979). Whether this conjecture can be proven, and how different
sss the frailty classes would need to be for a strong Siler pattern to be visible, remains open.

839 Many important aspects of senescence cannot be understood without incorporating trade-offs
a0 between very different organismal functions such as survival, fecundity, and growth (Vaupel et al.,
sar  2004; Baudisch, 2012; Maklakov and Chapman, 2019; Cohen et al., 2020; Avila and Lehmann,
sz 2023; Chmilar et al., 2024). The recipe for incorporating trade-offs into our modelling framework

a3 to study these aspects is clear, since we only need to make f multi-dimensional (vector-valued),
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sas . With components representing sub-systems responsible for distinct organismal functions such as
sas fecundity and survival. Trade-offs can then be included in a conceptually straightforward manner
sas  using (stochastic) optimal control theory (Avila et al., 2021; Avila and Lehmann, 2023).

847 Taking eco-evolutionary aspects seriously also presents concrete, biologically useful ways in
ss which our model could be extended to gain a more holistic understanding of senescence. On
a9 the ecological front, while we have included extrinsic mortality in a basic sense in our equations,
sso a thorough understanding of the long-term effects of extrinsic mortality on the evolution of
51 senescence patterns would require us to reckon with density-dependence (de Vries et al., 2023).
sz On the evolutionary side, Bega and Hadany (2026) recently studied how failure accumulation
53 models interact with Hamilton’s (1966) selection shadow and its evolutionary consequences.
ss«  Though Bega and Hadany (2026) present a conceptual starting point to studying how parameters
sss like our k, and ¢, evolve and affect the evolution of lifespan, a key assumption they make about
sss  independence of Gompertz parameters is violated (Strehler and Mildvan, 1960) except in very
ss7  special cases (see supplementary section S6).

858 Laird and Sherratt (2009) have introduced an evolutionary model in which organisms with
sso  multiple fully redundant sub-systems (systems ‘in parallel’) are allowed to evolve the number of
so redundant sub-systems, and shown that one should expect a decelerating selection for increased
g1 redundancy in such organisms. Laird and Sherratt, 2010 have since extended these results to
sz networks in which systems are arranged in a ‘cascade’ (i.e. when failure percolates directionally)
83 but the population evolves in discrete time. In our language, these studies hold the failure and
s« mortality rule constant but allow the total number of sub-systems (N in our model) to evolve,
ss and find that it reaches some finite value at selection-mutation-drift balance. Our framework,
ss used in tandem with the techniques introduced by Laird and Sherratt (2009, 2010) and Bega and
s7 Hadany (2026), could allow for a reasonably general, unified understanding of how selective
ss disappearance, interdependencies between sub-systems, and mortality due to failure accumulation
s together determine the ultimate evolutionary patterns of senescence.

870 Lastly, it has not escaped our notice that Eqgs. 18-19 bear a striking resemblance to equations
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g1 arising in the multi-level selection literature (Kimura, 1984, Eq. 2.5; Fontanari and Serva, 2014,
sz Eq. 11; Luo, 2014, Eq. 1; Cooney et al., 2023, Eq. 5). The fascinating conceptual connections
s73  between senescence and multi-level selection suggested by this similarity will be made precise

g7+ using two-level Moran processes in forthcoming work.
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! S1 Deriving the Fokker-Planck-Kolmogorov equations

2 We present the derivation here for the main model with disappearance. The derivation for the

s Tithonus model is obtained by setting ¢ = 0 in all calculations in this section.

s S1.1 Definition and master equation

s In the main text, we formulated a continuous time stochastic process for failure accumulation with
¢ stochastic mortality. This process took values in {0, %, %, ..., 1} U{C}, where C ¢ {0, %, %, o1}

7 is a ‘cemetery state’. The process is defined by the transitions

f—>f+%at rate N7 (f)

8 f—=f- % at rate Nr_(f) (S1)
f — C at rate p (f)

o where r4 are O(1) functions. We are interested in computing P(f,t), the probability that an
10 individual of age t has f failures, given that individuals are born with f, failures at age 0.

1 To do this, we imagine tracking a large cohort of independent individuals from birth. In a large
12 ensemble of individuals of age t, a proportion P(f,t) of them will have a fraction f failures (by
13 definition of probability). We can now simply measure the ‘inflow” and ‘outflow” of individuals
1 from each state (Figure S1). Individuals with f + 4 failures flow into the state f by repairing
15 a failed sub-system. Repair occurs at rate Nr_(f + 1) and a fraction P(f + 4, t) of the cohort
16 consists of such individuals. Similarly, individuals with f — 3, failures flow into the state f by
17 accumulating another failure. Failure is at rate Nr, (f — ) and a fraction P(f + 4,t) of the

18 cohort consists of such individuals. Thus, the rate of ‘inflow” to the state f is given by

1 1 1 1
o Rin(f,t) = Nry <f—N) P(f = ot) +Nr- <f+N> P(f+5t) - (S2)
—_— T/ —_— T/
Failure rate Proportion of cohort Repair rate Proportion of cohort
f—%—f with f—; failures fri—f with f+ 3 failures
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20 Similarly, an individual with f failures may move into a different state by either accumulating

a1 another failure, repairing an existing failure, or dying. Thus, the rate of ‘outflow” from the state f

2 is
Rout(f,t) = Nry(f)  P(f,t)  +Nr-(f)  P(f,t) + pu(f) P(f.1)
—_—— —— ——— —— N~ ——
Failure rate Proportion of Repair rate Proportion of Mortality rate Proportion of
f—f+% cohort with f failures f—f—4 cohort with f failures f—=C cohort with f failures
= (S3)

R.LP

}

Cemetery state
(not observable)

Figure S1: Schematic description of the possible transitions of our process. For a given state f,

the blue arrows depict the rate of ‘inflow” to the state, whereas the red arrows depict the rate of
‘outflow’.

2% The rate of change of P(f,t) is given by the rate of inflow minus the rate of outflow. Thus, we

» have

26

glz(f,t) = Rin(frt) - Rout(f/t) (84')

2 Por convenience, let us define two ‘step operators’ S*, which act on any functions of failures by
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2 either adding or removing a failure, i.e

. SEG(f, 1) :G(fi%,t)
s Substituting Eq. 52 and Eq. S3 into the RHS of (54) and using the step operators, we obtain the

s compact expression

» a*P(fr'f) =N[(S™ = Dri(HP(f, 1) + (87 = Dr(f)P(f,8)] = u(f)P(f. 1) (S5)

t

;3 Equation S5 is called a ‘master equation” or ‘Chapman-Kolmogorov equation” and completely
u describes our system exactly. To obtain the expressions presented in the main text, we now carry

s out a diffusion approximation.

3 S1.2  The diffusion approximation

7 Since the stochastic process defined by Eq. S1 takes values in {0, %, %,...,1} U {C} and jumps
12

% in units of 5, the transitions of f within the space of failures {0, %, %,...,1} begins to ‘look

% continuous’ as N grows very large. We thus Taylor expand' the action of the step operators S to

w0 find

" SHG(fH) = G + 35 + zjvng oY

@ = (§* = 1G(f.1) zi;?)?Jr;Wa;ﬁJrO(N?’)

3 and thus

“ NS Dr(LOP) = s (P D) + zﬁvaa;{u(f)mf,w} FONTY) (56

1A more rigorous statement of this approximation appears in Ethier and Kurtz, 1986, Chapter 11. The description is
mathematically involved but quite standard (the technical phrase is ‘convergence of infinitesimal generators’), and we
thus neglect mathematical precision here in favour of accessibility.
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45 We now perform the diffusion approximation, which consists of neglecting terms of O(N~2).
s Biologically, neglecting the higher order terms amounts to saying that f;, viewed as a random
«7 variable, is entirely characterised by its first two moments, and thus can be thought of as a
s« Gaussian approximation (Black and McKane, 2012). Substituting Eq. S6 into Eq. S5 now yields,

4o after some lines of algebra,

oP 0 1 0

=5 )= —ﬁ{(m(f) —r-(f)P(f, 1)} + 21\]3;2{(”<f) +r- ()P, 6)} = u())P(f, 1)

50 (S7)
st Letting r(f) :=ry(f) —r—(f) and ©(f) == r+-(f) + r—(f) in Eq. S7 yields Eq. 1 in the main text
s2 if 4 = 0 and Eq. 18 in the main text if 4 > 0. The derivation of the equation for the conditional
53 probability density Eq. 19 starting from Eq. S7 is more involved and appears in Yashin et al., 1985

s« (their Appendix A), so we do not repeat it here.

55 S2 The Feynman-Kac representation of the killed diffusion

ss In this section, we elaborate on how one arrives at the Feynman-Kac representations presented in
s7 the main text. To do this, we first need an alternate characterisation of the stochastic processes
ss we study in terms of their infinitesimal generators (Jksendal, 1998, definition 7.3.1; Karatzas and
so  Shreve, 1998, section 5.1). Given a time homogeneous Markov process X; that lives in a domain

oo D C R, the infinitesimal generator of X; is defined as the (unique) operator G satisfying

61 Gy(x) = lim E [¢(Xiar) | Xe = x] — ¢(x)

A0 At (58)

2 for every ‘nice’” function ¢ : D — RR. We require these generators because the Feynman-Kac
s formula is stated in terms of generators. Rather than asserting the form of the generator of a

o Kkilled diffusion, we will derive the infinitesimal generator of our stochastic process starting from

2gee Ethier and Kurtz, 1986 chapter 4 or Jksendal, 1998 section 7.3 for precise definitions of ‘nice’. In this work, we
will assume all required regularity conditions are satisfied whenever such generic functions appear.
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ss Eq. S7, thus demonstrating that the process we obtain after our diffusion approximation (system

6 size expansion) is indeed a bona fide killed diffusion.

o7 S2.1 Deriving the infinitesimal generator of the killed diffusion

s We aim to find the generator of the stochastic process defined by Eq. S7. Let Q) := [0,1] U {C}
0 be the state space of our stochastic process. Note that P(f, f) vanishes at the cemetery state (by
70 definition). We begin by multiplying both sides of Eq. S7 by an arbitrary smooth function ¢ with

71 compact support’ in Q) and integrating over ():

Jog = [ (=5eoren)ar+ gy | W) e TP 0)af — [ pPROPU,
72 : : (S9)
72 We now use integration by parts on the first two terms of the RHS and discard the boundary
74 terms since ¢ has compact support. Doing this once on the first term of the RHS and twice on the

7 second term of the RHS yields

o (oS nar = [WOrHPLnar+ o / ¥ (TP DS — [$(OPS,Hdf
Q Q Q
(510)
/ 1 i
v = w0 00ar = [ [W i+ mgv (e - | P 0ar, i)
Q

7z Now, by the definition of the derivative, the LHS of Eq. S11 is

N e L
. ~lim (/ P(Pf, t+ ALYf - Z zp(f)P(f,t)df). (513)

3i.e. it vanishes at the boundaries of Q.
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s1 Interchanging the order of limits and integrals is permissible by the dominated convergence
sz theorem. The integrals on the RHS of Eq. 513 are, by definition, expectation values. We have thus

83 Obtained

" [ 9O 0df = tim L (Bl (iean)] — Elp(£) 1)
QO
: zgtrfcl)Alt(]E [E[Y(fivae) | fi] ] —EIE[$(fe) | fi] ) (515)

s where we have used the tower property E[X] = E[ E[X |Y] ] to obtain the last equality. Using the
g7 linearity of the expectation value and once again interchanging the order of limits and integrals

ss (expectations) gives us

8 /lI) at f t df / [hm ft+At) |ft] [l)b(ft) |ft] P(f,t)df (816)

At0 At

o Replacing the LHS of Eq. S11 with the RHS of Eq. 516 now results in

/ i Bl LR LA i,y - / )+ g D)~ 9| P
01 (517)
o2 Since Eq. 517 is true for every (smooth, compactly supported) function ¢, we conclude that the

s generator £ of our process is given by

% ﬁil’—r(f)WﬂLWaTcz—ﬂ(f)lP(f)- (518)

s Besides being useful for further calculations, Eq. 518 also verifies that the process we have obtained
o after the diffusion approximation is indeed a killed diffusion (compare our Eq. 518 with Eq. 2 in

o7 Steinsaltz and Evans, 2006).
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o §2.2 A Feynman-Kac representation for functions of the killed diffusion

o The infinitesimal generator of a Markov process is particularly useful to us due to a result called
w0 Kolmogorov's backward equation (Jksendal, 1998, Theorem 8.1.1; Karlin and Taylor, 1981, Eq. 15.5.7).
1 Let {X;}; be a time homogeneous Markov process on a nice domain D C R. Let G denote the
12 generator of X, and consider a real function ¢ € C?(D). Let u(x, t) := E[g(X;)|Xo = x] denote the
103 expected value of g(X) after time ¢ given that the process {X; }+>0 began at state x. Kolmogorov’s
104 backward equation (Qksendal, 1998, Theorem 8.1.1) says that u(x, t) satisfies

ou(x,t)
ot

= Gyu(x,t). (S19)

105

s The notation Gy is to indicate that the generator G is acting on the map x — u(x,t). Notice that
17 while the LHS of Eq. 519 is about the state at time t (forward in time), the RHS of Eq. 519 is in
s terms of changes to the initial condition x (contrast with, say, Eq. S7, where derivatives are with
109 respect to the future/current state).

110 For our killed diffusion, the generator is Eq. S18. Let M(fo,t) denote the expected value
m of a measurement M(f;) given an individual is born with f; failures at age 0 and follows the
12 killed diffusion {f;}1>0 defined by Eq. S18. Here, we specify that we require* M € C2([0,1]).

ns  Kolmogorov’s backward equation states that M( fo, t) satisfies the initial value problem

~ v 2 A ~
114 a]VIé(){o,t) = 7(f0>?)]};[ 72(1{(;) aa]%/I — pu(fo)M. (520)

ns with the initial condition M(fy,0) = M(fp). The Feynman-Kac formula in the PDE to SDE

s direction (Jksendal, 1998, theorem 8.2.1, (b)) now states that since M (fo, t) satisfies Eq. S20, it

4in words, M and its first two derivatives should be continuous in [0,1].
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17 must admit the representation

~ _.ft (fs)ds
118 M(fo,t) =E M(ft)e 0 g fo = fo (521)

1o where {f; }>0 is the process described by the Tithonus model that solves the SDE Eq. 2. Eq. 521 is
120 Eq. 22 in the main text. The conditional expectation in Eq. 521 is understood as an expectation
121 over paths (i.e. on the space {w € C([0,t],[0,1]) | w(0) = fo} equipped with the Wiener measure

12 induced by the diffusion ;).

s S3  Feynman-Kac representation of the killed diffusion conditioned on

12 survival

125 Yashin et al., 1985 have shown that if we know that the processs enters the cemetery state at time
126 Thort, the conditional density P(f,t) of the process conditioned on not entering the cemetery state

127 (t < Tinort) Obeys the Fokker-Planck type PDE

~ R 2 N ~

WD) _ _;f {r(PP( D) + ;Vaaf {x(NP(f,D} = () —FOIP(FE)  (522)

120 Where .

() = E[n(f,8) | fort < Tmon ] = [ (x,H)P(x, t)dx (523)
0

131 is the expected force of mortality conditioned on remaining alive. Feynman-Kac formulae cannot
12 be used directly for the conditioned process defined by Eq. S22 because Eq. 523 introduces
133 a non-linearity in the probability density P( f,t). In this section, we use Eq. S21 to derive a
134 representation instead.

135 From Eq. S21, we found that the survival function exp(— fot 1(fs)ds) provided the correct

s weighting to modify expectations from the Tithonus model to find expectations of the process
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137 with disappearance. Since conditioning effectively modifies the mortality term u(f) — u(f) —
138 Ji(t) in the Fokker-Planck equations (compare Eq. S22 with Eq. S7), we may guess that the
130 survival function for the conditioned process should also be modified as exp(— fo (fs)ds)

o exp(— fo 7(s))ds). To this end, let’ S(t) := exp(— fo , and consider S(t)P(f, ).

11 Differentiating with respect to time yields

0 — = = OP(f ) s dS(t)
SS(OP(f0} =852 + P(f, ) = (524)
143 NOW, _
144 d?j(tt) = —g(t)ﬁ(t) (525)

ws and 9P/t is given by Eq. S22. Substituting into Eq. S24, the S(t)7i(t) terms cancel (since

us S(t)0P/dt contains a +5(¢)7(t) term) and we find

1 92

;’t{s(t)ﬁ(f,t)} = S(t)5 {r(HP(f. 1)} +5055 35 {(HP(f,D} =SORHP(,D).  ($26)

us Since S is independent of f, it can be taken inside the partial derivatives on the RHS, resulting in

2
57 (D BOPEDY} + 555 (D EOPEDY} — (BB 1)

0 —, .~

S0P} = 5
149 (S27)
50 Comparing Eq. S27 with Eq. S7, we find that S(t)P(f, t) is precisely the probability density
151 function of the unconditioned process with disappearance! Letting P(f,t) denote the density of the

12 unconditioned process (for consistency with the main text), we have thus shown that

S(t)P(f,t) = P(f, ¢). (S28)

154 Eq. 528 is a powerful result because it establishes a relation between the unconditioned and

5The reader may have noticed that in the supplement, this is the definition rather than the result Eq. 23 in the main
text; we will derive that it is equivalent to the definition as the denominator of Eq. 21. We switch the order of definition
and result here in the supplementary to make the intuition for deriving the result more transparent.
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155 conditioned processes at the level of their density functions. It also establishes that (1 — S(t))
156 quantifies the loss of density to the cemetery state in the unconditioned process. However, S still
157 involves the conditioned density P via the non-linear term Eq. 20. We seek a better representation
158 of S in terms of the Tithonus model.

150 Begin by integrating both sides of Eq. 528 over all possible values of f. Since P(f,t)is a
10 probability density function for a process that is conservative in the failure space, it integrates to 1
161 (intuitively because we conditioned on not dying and so the individual must have some value of

12 f; also provable directly from Eq. 522, see Yashin et al., 1985). This results in the expression

o (1) = /0 BUf S = B = fo (529)

16« where f; is a stochastic process with generator Eq. 518 (i.e. following the unconditioned process
155 with disappearance) and the expectation on the RHS is not equal to 1 because individuals are lost
166 to the cemetery state (i.e. the process is non-conservative).

167 We now want to represent the RHS of Eq. 529 in terms of the process described by the Tithonus
16 model. To do this, we notice that the RHS of Eq. 529 is a special case of M(fo, t) := E[M(f;)|fo = 0]
10 with the choice of measurement function M(-) = 1. Thus, from Eq. 521 with M = 1, we find

_ ~ [ uGids
170 S(t):]E e OfH

fo=fo (530)
1 where {f;}, like in Eq. S21, solves the SDE Eq. 2.

172 To find M(fo, t) := E[M(f) | f = fo], the expected number of failures accrued by an individual
173 conditioned on survival (i.e. following the conditioned process defined by Eq. 522), multiply both

7+ sides of Eq. 528 by M(f) and then integrate over all possible values of f. This yields

[ M()BHo 0)af = o CM(F)P(f, 1 fo, 0)df. o)

176 But by definition, the integral on the LHS is M (fo,t) and the one on the RHS is M (fo, t). Substi-
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177 tuting Eq. 521 and Eq. S30 now finally yields

~ [u(t)ds
E | M(ft)e h ' fo = fo

178 M (fo, t) = (S32)

t
7fil(fs)d5
E |e o ’

fo = fo

19 The RHS of Eq. 532 is entirely in terms of the Tithonus SDE §; and is Eq. 21 in the main text.

w S4 Bounding the expected deviation in a measurement due to selective
181 disappearance

122 We begin by squaring both sides of Eq. 26, thus finding that the squared discrepancy is given by

2

fo = fo

183 (5%/1 (fo, t) = (533)

(S(1)?

164 For convenience, we henceforth denote conditional expectations, variances, and covariances by
t

1ws By, Vars, and Cov respectively. Let® S(f;) := exp (— J y(fs)ds> . The Cauchy-Schwartz inequality
0

186 immediately lets us bound the numerator of the RHS of Eq. 533,
(Covy [M(5r) ,S(f:)] )* < Vary[M(F,)]Var[S ()] (S34)

188 leading to

189 5]2\/1(f0/ t) <

Var ¢ [M(f;)]Var¢[S(f:)]
(5(t))? '

®This is a slight abuse of notation, since S(f;) depends on the entire path {fs}se[0,), and not just the final value f.

(S35)
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190 We now bound the second variance in the numerator of the RHS of Eq. S35. By definition,

Vars[S(})] = Ef[(S(7))?] — (Ef[S(fe)])? (S36)
< Ef[S(7)] — (Bf[S(f0)])? (S37)
103 = E¢[S(7+)] (1 — Ef[S(f:)]) (538)

e where we have used the fact that 0 < S(f;) < 1 and thus S < S to go from Eq. S36 to Ineq. S37.

15 Now notice that E¢[S(f:)] = S(t) from Eq. 530, and we hence have

Var[S(f)] < S(t) (1—5(t)) (S39)

17 From Ineq. S39 and Ineq. S35, we can conclude that

108 631(fo,t) < Vars[M(fy)] (1 g (i)(t)> , (S40)
199 Le.,
G (fo, )] < onalfor )] X ;(f)(t) (841)

21 where o (fo, t) == y/Varg[M(f:)] is the standard deviation process of { M(f;)}+>o. This is Ineq. 27

202 in the main text.
203 We will now further bound the standard deviation on the RHS of Eq. 541 for the special case
204 M(-) = u(-). In this case, we know that u(f;) solves the SDE Eq. 15, allowing us to write

t

Bl = w(f0) + [ Au(fds + [ Bu(f)ans (542)
0

0

206 where A, (fs) = r(fo)u'(fs) + Tz(—ﬁ)y”(fs) and By (fs) = /T(fo)¥'(fs)/VN. The Itd isome-
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207 try (Karatzas and Shreve, 1998, Chapter 2, Proposition 2.10) then gives us

t

Var[p(f)) = Bl ()] — (Byln())? = By | [ BR(R)ds| (543)
0

200 We now assume that both 7(f) and p/(f) are bounded above. In other words, we assume that

210 there are finite numbers Tmax, #imax Such that T(f) < Tmax and p/'(f) < pmax. In this case, we have

Vary [u(f)] = By / B (s < (max B2 (1) ) / ds | = (3F) Wt (544)
212 and can hence conclude that

(o) < (15 ) e (545)
214 We can now plug Ineq. 545 into Ineq. 541 to arrive at

215 |5H (fO' t)’ < <Tnﬁx) (1 ;(i)(t)> nuinax\/il (546)

216 which is Eq. 28 in the main text. As an aside, note that the same idea would carry through to

217 bound |8y for any C2([0,1]) measurement function M thanks to Itd’s formula (box 2) as long as

/

2zs  the absolute value of the derivative of M is bounded above” by M}, ...

The only change will be that
219 Umay Will be replaced by M., in Eq. S46. If we were interested in, say, fecundity, for example, the
220 relevant bound would be the maximum rate at which fecundity changes as a function of failures
221 (assuming that fecundity as a function of failures is a twice continuously differentiable function).
222 Introducing the assumption of a finite yimax for mortality may seem like a bit of a cop out since

223 the particular mortality rule we advocate for in the main text, Eq. 13, does not have a bounded

224 derivative. Happily for us, 0 < f < 1, and we can thus use a geometric series expansion for

"This is the same as saying M is My, -Lipschitz continuous. Using Feynman-Kac also requires M to be C2([0,1])
(for Eq. S20).
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25 f/(1— f). In other words, our mortality rule can be rewritten as

f

26 y(f):ye~|—x<H>zye+7(<f+f2+f3+f4~l—...), (547)

227 which will be bounded for any finite truncation of the infinite sum. Truncating Eq. 547 at a finite

28 degree a > 1 results in the approximate mortality rule

) =t x (F+P+L+f 4+ T (348)

20 Higher values of « will provide strictly better approximations to the mortality rule Eq. 13 used in
21 the main text, and the equality is exact if we let &« — co. For finite x, we can calculate and bound

222 the derivative of Eq. 548, since

253 W) xdf<2f’7>—prf’”<pr X" (“H) = flmax- (549)

24 Plugging into Ineq. 546 now reveals that

sufo )l < [ ] (F2) (1 ‘S(”> AN (550)

236 Finally, we will make the dependence on extrinsic mortality explicit. Notice that

ft fs)Pds

‘ fo=fo| =e He <” ) ' fo = fo

t
_ et X (Fs (s )2t (5s)™ ) | ds
237 S(t) =E |e Of[y X( )]

=: Sga(t)

(551)

23 where Sg,;(t) quantifies the survivorship when ignoring all deaths due to extrinsic mortality (we

239 can do this because we have constructed the mortality rule such that it is the sum of an extrinsic
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20 and an intrinsic component). Substituting into Ineq. S50 now yields Ineq. 30 in the main text:

et Q..
s o] < | 4] () (eF Smﬁ;(t)) X“(“;l) Ji (52)

2 S5 A mean field failure accumulation rule when sub-systems are

203 vertices of a vertex-transitive graph

244 In this section, we sketch how a plausible failure accumulation rule can be derived for organisms
25 in which the sub-systems are organised in an (extremely symmetric) graph/network. This model

26 is inspired by Nielsen et al. (2024).

207 §5.1 Definition of the process

28 We conceptualize an organism as a simple undirected connected graph G on N vertices. Each vertex
29 of G is a sub-system important for organismal function, and edges represent interdependencies
0 between systems. We assume that the graph G is vertex transitive, meaning that the vertices of
251 the graph are indistinguishable (Godsil and Royle, 2001, section 3.1; For an application of such
22 graphs in evolutionary biology, see McAvoy and Hauert, 2015). Biologically, this assumption is a
23 symmetry assumption where we are assuming that every sub-system is equally important and
254 structurally indistinguishable from the other. Since every vertex transitive graph is regular (Godsil
25 and Royle, 2001, Section 3.1), our assumption also implies that every sub-system (vertex) has the
256 same number of dependencies (edges), a quantity we denote by n. While vertex transitivity is
257 a strong assumption, it is not overly restrictive for a first pass, since the number of connected
28 vertex-transitive graphs on N vertices grows very quickly with N. For instance, there are 34333611
259 connected vertex transitive graphs on N = 47 vertices (OEIS A006800).

260 Failure accumulation is modelled as a continuous-time stochastic process that consists of

261 relabelling the vertices of G as failed /non-functional. In particular, if a vertex v is functional, we
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262 assume it has a failure rate ¢ + In,(t), where ¢ > 0 is a constant intrinsic failure rate due to factors
263 like physical damage and wear and tear and #1,(t) is the number of neighbours of v that have
24 failed at time t. Here, I > 0 is a parameter that controls how much a focal subsystem is affected
265 by the failure of the subsystems on which it depends. The special case I = 1 corresponds to the
266 case where failure depends on the number of failed neighbours. Let IP(E) denote the probability
267 of the event E occurring. For conciseness, let us use the shorthand f(i; j) for the rate at which the

28 1 th vertex fails when it has j failed neighbours, i.e.

IP(i fails | i has j failed neighbours)

L) .
260 fi;j) Alfl’j(l) A (S53)
270 Our model above specifies the particular rule f(i;j) = ¢ + Ij, but we change notation here

2 because we will be summing over i and j. Letting F; be the stochastic process tracking the number

22 of failures by time (age) t, we are interested in computing the failure rate

IP(F =F+1|F,=F
073 R+(F) = kg(l) ( t+At A:— | t )

2+ with the ultimate goal of relating it to the s defined in the main text. Repair rates can be computed

2rs - exactly analogously and we thus do not repeat the calculations.

276 §5.2  Computing the failure rate

277 By definition, the number of failed systems F; increases iff a functional system fails. Thus, the rate
27s  at which the number of failed sub-systems F; increases is given by the rate at which at least one
279 functional vertex fails. In equations, we express this as

P(F =F+1|F=F
280 lim ( tHAf i | ! ) = lim
AtL0 At AtL0

IP(i fails)
At

(S54)

functional
vertices

21 Where the sum is over the set of sub-systems that have not yet failed, and we have neglected the

2 possibility of two vertices failing at the same time because this is an O((At)?) event. Let A; denote
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2

@

s the (in)-degree of vertex i (i.e. the number of systems that i depends on). We can rewrite the

2

®

+ probability on the RHS of (554) as

N-1

285 IP(i fails) = P(i fails | A; = k)P(A; = k) (S55)
k=1
N-1 k

286 = IP(A; = k) }_TP(i fails | i has j failed neighbours, A; = k)IP(i has j failed neighbours|A; = k)
k=1 =0

(S56)

N-1 k

287 = ) P(A;=k) ) P(ifails | ihas j failed neighbours)P(i has j failed neighbours|A; = k) (S57)
k=1 =0

288 Thus, we have
P(i fail N-1 k

289 1Ai$) (ZAEZIS) = k; P(A; = k) ];)f(i;j)]P(i has j failed neighbours|A; = k) (S58)

200 where we have used the definition of f(i;j). We now observe that IP(i has j failed neighbours|A; =
201 k) is the probability that a vertex has j failed neighbours given that it has k neighbours. Assuming
202 (in the mean-field) that the probability that a given randomly chosen vertex is a failed vertex is F/ N
203 (the fraction of failed vertices), IP(i has j failed neighbours|A; = k) must follow a Binomial(k, F/ N)

204 distribution. Thus, we can rewrite Eq. (558) as

. P(ifails) N S (K (EY F\*7
lim ——— = ; P(A; = k) gf(w) Jlw) U-x) (S59)
206 which, upon substituting into Eq. (554) yields the failure rate

RiF) = ¥ %P(Ai:k);f(i;j)(';) (§>j<1—£)k_j. (S60)

i functional k=1

208 If vertices are indistinguishable, i.e. the process on every vertex i is identical, Eq. (S60) further

299 simplifies to

R, (E) = (N — F(1)) I:_ifm - k)]éf(j) () (fv)j (1- ;)H s61)
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50 We will now substitute the functional form f(i;j) = ¢ + Ij. Upon doing this, Eq. (S61) becomes

RA(F) = (N F()) T P(a =K ]ﬁ%w () () (-5 e
03 = o(N —F(t)) k:leIp(A:k)]é <’]<> (;)J‘(l_;)w
+(N- F(t))II:Z_;]P(A _ k)jéj@ (;)J <1 - ;)H (S63)

35 We now observe that both sums over j are expressions for moments of the binomial distribution.

w6 If X is a Bin(n, p) random variable, we have

307 E[X°] =Y (’;) pl(1—p)" =1 (S64)
j=0

Elx = (%) =y (565)
j=0

300 In our case, we have n = k and p = F/N. Using this observation in Eq. (563), we obtain

N-1 I N-1
310 R.(F)=¢(N-F) ) P(A=k) + N(N —F)F ) kP(A=k) (S66)
k=1 k=1

suu The two sums on the RHS of Eq. (S66) are now just moments of the degree distribution. The first

sz sum simply equals 1, and the second is the average degree (A). We are thus led to the failure rate

Ry (F) = (N - F) ((p 4 I<NA>F) _N (1 _ ;) <(p 4 1<A>£> (S67)

s Defining f = F/N, we see that our graph-structured model corresponds to the rule v, (f) =
a5 (1 — f)(@+ I(A)f). Since the ability to repair failed sub-systems decreases with the proportion
a6 of failed sub-systems, the logic for deriving the repair rate r_( f) is exactly analogous, and will
sz just have different constants ¢, and I,. Thus omitting the derivation for the repair rate r_(f), we
sis  can identify that our per-capita failure accumulation rate is p(f) = @efr + Legr(A) f, leading us to

0 conclude that ¢, = @eff, ky = Lo (A). Thus, interdependence k, is a constant times the average
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20 degree (A), an explicit measure of the number of sub-systems the average sub-system depends

321 OnN.

Remark

If the failure rate of a vertex depends on the proportion of failed neighbours rather than the

number of failed neighbours, we would have

IP(i fails | 7 has j failed neighbours, A; = k) = ¢ + %

in Eq. 556. Using this new relation, the last term on the RHS of Eq. 563 is instead
N-1 k 5 /k F j F k=j
N-FeI Y Pa=kYL(0) (<) (1-%
s e =25 () () (1)

and the last term on the RHS of Eq. S66 hence becomes

IN F(t))F N_lklPA k IN F(t))F N_llPA k
N (N = FDF(®) X0 3P =) = SN = F(O)F() Y (3 =K

Thus, the rate R (F) in this case becomes

R.(F) = N <1— ;) <(p+l§> .

In other words, unlike in Eq. 567, the network structure (parametrised by the average degree

(A) = n) does not affect the mean field dynamics if failure rate depends on the proportion of

failed neighbours.

= S6 Explicit relation of our work to some previous mathematical models

s23 In this section, we provide some explicit connections between our paper and some previous

s24 models of demographic senescence.
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325 Our Eq. 18 is fundamentally a resurrection, extension, and refinement of Woodbury and
226 Manton’s (1977) ‘state space random walk” model and extensions thereof (Woodbury and Manton,
s27 1977, 1983; Manton et al., 1988; Mulder, 1993), connecting it to mechanistic reliability-theoretic
28 notions of senescence as damage/failure accumulation. Since Yashin et al., 1985 make the extension
320 that is cleanest and most relevant to our work, we focus on connections with Yashin et al. (1985)
s0  here.

331 The exact correspondence between our work and that of Yashin et al., 1985 can be made by
3 identifying their a(t,y) with our r(f) and their b?(t,y) with our 7(f)/N. Unlike Yashin et al.,
313 1985, however, we derive these coefficients and Eq. 18 more generally, from first principles starting
s from a birth-death process (Eq. 17). As such, we believe our derivation biologically grounds the
135 coefficients that appear in Yashin et al. (1985) (their Eq. 5, our Eq. 18) in terms of failures of
136 intra-organismal sub-systems. We also provide some guidelines for how these functions should
37 look (Eq. 7) and show that using these guidelines result in logistic failure accumulation curves, at
138 least in the initial part of the failure accumulation process.

339 Yashin et al. (1985) are also focused on statistical inference rather than relatively qualitative
s descriptions and clarifications of logic, and as a result, make some rather restrictive assumptions
s about functional forms. For instance, in our language, Yashin et al., 1985 assume that the
sz mortality rule y must be quadratic in the failures (their section IV.E.2), whereas we make no
a3 such assumption, and indeed argue that a more biologically realistic mortality rule is not a finite
a4 degree polynomial (our ‘geometric’ mortality rule Eq. 13). Our Feynman-Kac representations also
us describe how precisely the stochastic mortality y affects the dynamics of failure accumulation. In
us supplementary section S3, we are also able to obtain a direct correspondence (Eq. 528) between
s7 the probability densities of the unconditioned and the conditioned processes (our Eq. 18 and
us  Eq. 19; Yashin et al.’s (1985) Eq. 5 and Eq. 7). By extending Woodbury and Manton’s (1977)
s and Yashin et al.’s (1985) model to more general mortality functions and connecting it to the
30 damage/failure accumulation literature, we hope to bring attention to it and render it usable by a

;51 wider audience. The Feynman-Kac formulae also allow direct and efficient numerical predictions
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2 of expected mortality or failure curves under a given level of mortality /disappearance in terms of
553 the much simpler Tithonus model Eq. 2.

354 Nielsen et al. (2024) have proposed a model they call the ‘multiple and inter-dependent
355 component cause model’, where individuals are comprised of a large number of interdependent
36 sub-systems, each capable of failure, arranged as a complete graph, and shown that their model
7 predicts approximately Gompertz-Makeham mortality curves. Nielsen et al.’s (2024) model is
s the same as our logistic failure accumulation rule when our baseline failure rate is zero (4>p =0,
359 compare their Eq. 3 with our Eq. 7; also see our supplementary section S5 for a derivation for
30 a more general class of graphs). However, Nielsen et al. (2024) assume the linear mortality rule
1 Eq. 12 and thus find late-life plateaus in mortality, whereas we advocate for a more realistic
sz mortality rule (the ‘geometric mortality rule” Eq. 13) on biological grounds. Nielsen et al. (2024)
363 also work with our ‘Tithonus model’ rather than accounting for stochastic mortality and selective
s disappearance (their main stochastic equation, their Eq. 9, corresponds to our Eq. 1, and in
35 particular, the additional mortality terms that appear in our Eq. 19 are absent; to see this, note that
36 their Eq. 9 is the Master equation obtained by setting 4 = 0 in Eq. 54 in supplementary section
37 S1). In other words, their equations are not quite accurate unless deviations due to selective
18 disappearance, as quantified by Eq. 26, are small enough to neglect.

369 On the evolutionary side, Bega and Hadany (2026) have recently studied how failure accumu-
so  lation models interact with Hamilton’s (1966) selection shadow and its evolutionary consequences.
s Bega and Hadany’s (2026) starting point is an equation that is an alternative form of the ending
sz point of our deterministic logistic failure accumulation with the geometric mortality rule. This
53 can be made explicit by introducing a new variable D(t) := f(t)/(1 — f(t)) and re-expressing our
s Bq. 7 and Eq. 13 in terms of this new variable; doing so and setting ¢, = 0 yields the first set
srs  of ODEs in the leftmost box of Figure 1 of Bega and Hadany (2026) up to a change in notation.
se Importantly, Bega and Hadany (2026) assume the parameters A and b of a Gompertz curve of
77 the form p(t) = Ae’ can evolve independently. For the Gompertz-Makeham curve that we have

srs  systematically derived in terms of more fundamental failure accumulation related parameters
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s9 (Eq. 14), this only happens when either ¢, = 0 or k, = 0, i.e. when either the ‘baseline failure
;0 rate’ of every sub-system is exactly zero or sub-systems have no effect on each other’s functioning.
1 Since intra-organismal sub-systems are typically interdependent to at least some degree (k, > 0)
322 and have some risk of spontaneous failure due to stochastic wear-and-tear (¢, > 0), we generally
;3 expect the Gompertz parameters in Eq. 14 to be correlated. Strehler and Mildvan (1960) and
s« Gavrilov and Gavrilova (1991, sections 6.4-6.7) have also presented more mechanistically explicit
s reliability-theoretic models in which the Gompertz parameters are correlated when derived sys-
6 tematically from more fundamental underlying processes. At least for mortality curves arising
ss7  from mechanistic failure accumulation models such as in Gavrilov and Gavrilova (1991) and our
;s work, Bega and Hadany’s (2026) central assumption is hence a stringent one, and care is required
;9 in assessing when it is a reasonable assumption for any particular mechanistic model.

390 Weitz and Fraser (2001) have also put forth the idea that stochasticity followed by selective
301 disappearance/mortality can cause late life plateaus without fixed differences in inter-individual
32 quality. Though our models are somewhat similar, they differ in two crucial assumptions. Weitz
33 and Fraser (2001) assume that failure accumulation (‘loss of vitality” in their language) occurs at a
304 constant rate (their Eq. 5; their constant ¢ plays the role of our function r(f), compare with our Eq.
35 2). In contrast, in our work, we have argued that we should expect failure to beget failure, and the
36 overall failure accumulation rate is thus non-constant (it is increasing). Weitz and Fraser (2001)
37 also assume that an organism dies exactly when all its sub-systems have failed and no sooner (in
38 their language, exactly when vitality hits 0), whereas we work with the more realistic assumption

309 that organisms experience a continuous failure-dependent mortality risk.
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